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OO01ne 3aMeuyaHma

COopHUK 3ajau IIpeJHa3HAUEH, B OCHOBHOM, JIJIS1 CAMOCTOSTEIbHOI pabOTHI IIIKOJIBHIKOB. XOTS,
KaK II0Ka3bIBaeT OIIBIT IPAKTUUECKOI paboThl, KOHCYIbTALIUN C IIperogaBaTesieM BCE jKe yKesa-
TeJIbHBI.

B c6opHUKe BCTpeuarTcs CIeAyoIye TUIIBI 3a1aY.

L] pra)KHeHI/IH — X pelIeHM’d Haao 3HaTh, NIJIN B KpaﬂHeM ClIy4dae peInTb CaMOCTOSATEIIbHO.

[ 3&,[13‘1]/[, IIOM€eUYeHHbIe 3HAKOM [> — HY’KHO I10 BO3MOXHOCTU PELINUTD.

® Sa,uatm, IIOMEUEHHbIC 3HAKOM 'l' — peniaThb HE 065{33T€JII)HO, HO IIOJIE3HO Had HVIMMU I10pa3-
MBIIIATD.

3agauy peKOMeHyeTCd PEelINUTh B TOM IOpAJKe, B KOTOPOM OHI HaIlMICaHBI, ¥ PEKOMEHyeTCs
YNTATh MOSICHEHUd, OIpeeIeHNs M TeOopeMbl Ilepef 3afjadyaMy. OTO IIO3BOJISAET IOHATh, KaKue
MEeTOMbI IIPUMEHSIIOTCA IIPY PellleHNN 3aJaull.

Hcrounukn nudpopmaumn

3amaunm B OCHOBHOM B3STHI U3 COOpPHUMKOB BcecorosHbix u Bcepoccumiickux MaTeMaTHUeCcKUx
omumnuan, CaHkT-IleTepOyprckux MaTeMaTMYeCKMX OJMMIIMAN, M IPOUMX IIMPOKO M3BECTHBIX
MCTOUHMKOB. [lepeuncinTe Bcex aBTOPOB 3a/ad He IIPeICTaBIIAeTC BO3MOKHBIM, CIIICKI aBTOPOB
B cOOpHMKax 3amay Bcepoccuiickux MaTeMaTMyecKMX OJNMMIIMAL MOTYT AaTh HEKOTOpOe IIpef-
cTaBjieHIe 00 aBTOpax.

B cocraBieHun cO0pHMKA, IOMIMO OCHOBHOTO aBTopa, mpuHuMann ydyactue B.JL [JonbHUKOB
(komOmHaTOpHag reomerpus), M1.11. BormanoB (Teopus umcei, rpadsl ¥ KOHEUHbIE MHOXKECTBA) U
A.B. AxomnsH (reomerpus).
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1. IlIxonpHas reoMeTpus

B 3amagax 3TOro paspmeia JMCIIONB3YIOTCH TOJIBKO CBeIEHNS M3 IIIKOJIBHON IIPOrpaMMEI, Ooiee
TOTrO, HEKOTOpbIe 3a[auy BXOAAT B IIPOTPAMMY IIKOJ C YIVIYOJIEHHBIM M3ydeHUeM (QU3NKA U
MaTeMAaTUKIA.

1.1. CBoiicTBa OMCCEKTPUC TPEYTOJIBbHUKA. B cienyoiieil 3aavue moje3Ho IOMHUTD, UTO TeO-
peMa o IepeceueHNY OMCCEKTPUC B OJHOV TOUKe MMeeT UM BapMAHT [JI OMCCEKTPUC BHEIIHETO
yria.

> 1.1. B tpeyrompunke ABC ZA = 120°. Iycrs AA,, BBy, CC, — 6uccekrpucst AABC.
Hoxaxwure, uro LB A;C; = 90°.

Taxyxe ITOJIe3HO 3HATh OOIIEN3BECTHBIN (PAKT O TOM, YTO BIMCAHHBIE YIJIBI, OIIMIpAIOIIMecs Ha
paBHBIE IYTU C OQHON ¥ TOJ K€ CTOPOHBI, paBHBL

> 1.2 (Jlemma o Tpesyb6iie). Tpeyrompuuk ABC BrnmcaH B OKpy>KHOCTbD {2, [ — LIeHTp BIMCAHHOI
okpyxkuaoct ANABC, 14 — 1eHTp BHEBIMCAHHON OPKY>KHOCTU TPEYTOJIbHIUKA, JIEXKAIIUIL B YIJIe
ZBAC. Ilpsamas Al nepecexaer §2 Bropoit pa3 B touke A’. okaxure, uto A’'B = A'C = A'] =
A'l,.

Crenyromue 3agaum pasBUBAIOT MIE0 JJEMMBI O Tpe3yolre.

> 1.3. Tpeyronbauk ABC Brmcan B OKpy>KHOCTD §). Ip 1 [ — LeHTPbI BHEBIIMICAHHBIX OKPYK-
nocreint ANABC, xacaroumxes AC' u AB coorBercrBenHo. Touka A” sBnseTcss cepenmuoit qyru
BAC oxpysxuoctu €. [Jokaxure, uto A”B = A"C' = A"Ig = A"I¢.

>> 1.4. B ycinoBun mpensiayiueit 3agaun pacemorpuM eié touku B’ u C' — cepequunt nyr AC u
AB oxpysxHOCTH {), He cofepKallux Apyrue BepunHsl TpeyronbHuka ABC. [lokaxuTe paBeHCTBA
TPEyTOJIbHIKOB

ANIgB'A" = ACB'A" = NA"C'B = NA"C'lc = AB'IC' = AB'AC" = AC'A"B'.

D> 1.5. JJoKa)k;uTe, UTO OKPYKHOCTbH, OIIMICAHHAsI BOKPYT CPEeJUMHHOIO TPeyrojabHmKa (00pa3oBaH-
HOTO cepefuHaMu cTopoH) TpeyroiasHuka ABC comepxut taxke ocHoBaHus Beicor AABC u
cepeVHBI OTPE3KOB, coeanHsomux oproreHTp AABC ¢ ero Bepinuamn. Haitnure onucaHHy 0
B 9TOJ1 3a7jaue KOHPUIypaIio B IIPeAbIAYILEi 3aqaue.

Ynpaxnenue 1.6. Yersipexyronsauk ABC' D BrmucaH B OKpy>KHOCTB, a cepenuust ayr AB, BC,
CD, DA ormeuens! kak Toukn X, Y, Z,T. Jokaxute, uto X Z 1L YT.

> 1.7. Yersipexyronapauk ABC'D BrnycaH B OKPY)XHOCTb. [JOKaXITe, YTO LEHTPHI BIIVICAHHBIX
oxpyxHocreit Tpeyronsunkos ABC, BCD, CDA, DAB 06pasyoT IpsMOyTroJbHIUK.

Crenymoliiee yTBep KIAeHMe IIOMOTaeT pelllaTh 3afauM PO OMCCEKTPIUCHl aHATUTUYECKN B TeX
cilyuasx, Korja reoMeTpuuecKoe pelleHye He IoTydaeTcs.

> 1.8. B tpeyronsuuxe ABC nposenena 6uccexrpuca AD. lokaxure, uto AD? = AB - AC —
DB - DC'. Beipasurte GMCCEKTPICHI TPEYTOJIbHIKA Uepe3 ero CTOPOHBL.

D> 1.9. B TpeyroJbHMKe paBHBI Be OMCCeKTPUCHL. [JoKaXXNUTe, UTO OH paBHOOEIPEHHBII.
T 1.10. JokaskuTe IpM3HAK paBEHCTBA TPEYTOJIBHMKOB II0 TPEM OMCCEKTpIICAM.

Ynpaxcnenue 1.11. JJokaxure, UTO OMCCEKTpIUCA TPEYTOJIbHMKA JEJIUT IIOII0JIAM YIoJ MeKIy BbI-
COTOII ¥ HaIlpaBJIeHMEeM Ha LIEeHTP OIMCAHHOI OKPYKHOCTM 13 TOJ ’Ke BEPIIUHDL

D> 1.12. OpHa U3 BepIINMH TPEYTOJIbHIUKA, €r0 eHTPhI BIIMICAHHON I OIMCAHHON OKPYKHOCTH U

OPTOLIEHTP JIEKAT Ha OOHOI OKPY’KHOCTMU. IIOK&)KI/ITE, UTO OOVIH M3 YIJIOB TPEYIOJIbHVIKA paBE€H
60°.
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1.2. KacaTenbHbIe K OKPY>KHOCTMU. HamoMHUM 13BeCTHOE IITIKOJIbLHOE YTBEPKACHIIE.

Ynpaxnenue 1.13. JJoKaKuTe, UTO BBINMYKJIbI ueThIpéxyronbHuk ABC D omucan 0KOJIO OKPYX-
HOCTM TOTHA U TOJILKO Toraa, korna AB + CD = BC + DA.

Ecam xopoimo BCIIOMHMTBL [OKa3aTeJIbCTBO 3TOrO yIpaKHEHNd, TO CIEeAyoIIue TPHU 3agadn
pelarorcs 6e3 Tpyna.

> 1.14. Ilycts BeImyKiIbII yeThIpéxyronbHuk ABCD He mMeeT mapajlelabHbIX CTOpoH. IlycTs
K=ABNCD,L=BCNDA, K n L nexar nio pasusle cropons! ot npsimoit AC. Torma ABC'D
OIIVICaH OKOJIO OKPY’KHOCTM TOTJA U TOJBKO Toraa, korma KA+ LC' = KC + LA.

> 1.15. B ycnoBusax npenpiayiueit 3agaun ABC'D onmcaH 0KOJIO OKPY>KHOCTM TOT/a M TOJIBKO
torga, korma KB+ LB = KD + LD.

> 1.16. B ycnoBusax npenpiayueit 3agaun AK + KC' = AL + LC pasaocunsao KB + KD =
LB + LD un pasaocunsao AB + BC' = AD + DC.

CJIEIIYIOHH/Iﬁ q)aKT TAaKJK€ XOPOIIIO M3BECTEH U ITOJIE3EH B PA3HbIX 3aavdax.

Ynpasxcnenue 1.17. [lokaskure, 4To ABe 00II[/1e BHEIITHIE KacaTelbHbIE K rape OKpy>KHOCTEeIl paBHBI
MeXXay co0o0it U IBe BHyTpeHHIEe KacaTeIbHbIe K ITape HellepeceKaroIMXCs OKPYKHOCTEI paBHbI
Me>KIy COOOIL.

> 1.18. B uersipéxyronsauke ABC D npoBeneHa mapa HellepeceKaroIuXcs OTPE3KOB ¢ KOHIIAMU
Ha cropoHax AB u C'D u mapa HellepeceKaroIuxcs OTPe3KOB ¢ KoHIlamu Ha cropoHax BC u D A.
Takum 00pa3soM UeTHIPEXYTONBHUK ITOAENIIICT Ha 9 MaJIeHbKUX UeTHIPEXYTOJBHUKOB. IIycTh B
«YTJIOBBI€» YETHIPEXYTOJIBHUKY MOKHO BIINCATh OKPYXHOCTH. Jokaxute, uto B ABC'D MoxHO
BIIJICATh OKPY’KHOCTB TOTAa ¥ TOJIBKO TOT/1a, KOTJ1a OKPY>KHOCTb MOXHO BITNICATh B «II€HTPAJIbHBIN»
YeTHIPEXYTOIBHIUK Pa3OMeH M.

Ynpaxcnenue 1.19. Noxaxure, uto ecnu AK u AL — xacatenpHble K okpy>xHOCTH {2 ¢ meHTpoMm O,
10 AO — 6uccextpuca LK AL.

W3 atoro YIIPpa)XHEHNA Cpa3y BBIBOAUTCA 3agayda.

> 1.20. JIoKa)XuTe, UTO YETHIPE TOUKY IIEpeCeUeH st BHYTPEHHUX I BHELIIHUX 00X KACATEIbHBIX
K IBYM HeIlepeceKaroInmMcs OKpyXHoCTAM )y u (s u 1eHTpBI OKpysKHOCTel (2 1 )y Jexar Ha
OIHO OKPY>KHOCTL.

Ynpasxcnenue 1.21. Jlokaxure, YTO eCIM BIIMICAHHAS OKPY’KHOCTH Tpeyronbauka A BC' kacaercs ero
CTOPOH cooTBeTcTBeHHO B Toukax Aj, By, C1, 10 AB; = AC, = %(AB + AC — BC). Kak usme-
HUTCI POPMYJIa, €CIIM PACCMOTPETHh TOUKM KACAHUS BHEBIIMICAHHBIX OKPYKHOCTEN CO CTOPOHAMU
AQ, BQ, 02 BMECTO Al, Bl, Cl?

W3 sToro YIIpa)KHEHUA (I/IJII/I n3 1psasMoro HOJICT:IéTa KacaTeJIbeIX) BBIBOONITCA 3agaya.

> 1.22. Joxaxkure, UTO IJIMHA OOIIell BHEIIHEN KacaTeJIbHOM K HeIlepeceKarlMCcsI OKPYKHO-
cram €2y u () paBHa IuIMHe OTpe3Ka 00Iell BHYTpeHHel KacaTeJbHOI, KOTOPBIl BhICEKaeTCs Ha
Hell OOIMMY BHEIITHMMH KacaTeJIbHBIMIL.

> 1.23. OxpyskHocTu €); u )y KacaroTcs U3HYTPU OKPY>KHOCTH ) B AUaMeTpPaIbHO IIPOTUBOIIO-
JIOKHBIX TOUKax 1 He nepecekarrcs. OOIie BHyTpeHHUe KacaTeabHble () u {2y mepecekaor (2
B Toukax A, B,C, D B ykasaHHOM ITOpsifKe Ha OKpyKHOCTH (). JIoKa)KuTe, YTO JBE CTOPOHBI Ue-
TeIpéxyronapHnka ABCD coOTBETCTBEHHO MapaJljieJbHbI JBYM BHELIHUM OOIIMM KacaTeJIbHbIM
okpy»xHocreit (21 u (2.
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1.3. Boucannusle yriasl. Cienylolnas 3ajfada Jerko JoKasbIBaeTcs (HaIpUMep, ecIy BCIIOMHMUTb,
YTO TaKOe «TOMOTETMS»), HO OUeHb Ba)KHA BO MHOTUX APYTUX 3aJadax, IJe eCTh KaCaHUs OKPYXK-
HOCTEI OPYT C APYTOM.

>> 1.24 (Jlemma o cermenre). [Ipsmas ¢ menut okpy»xHOCTS §) Ha Oyru o u az. OKpysxHOCTD (Y
KacaeTcs AyIru vy U3HYTpH U mpsimoii ¢ B Toukax A u B coorBercTBeHHO. [loKa)KMTe, UTO IIpsMast
AB nepecekaer a; B €€ cepeuHe.

> 1.25. IlycTts KapTMHKa Ta Ke, UTO B IpenbIaylieit 3agaue. [Tycts Touku nepeceuenus ¢ ¢ () —
ato K u L. Ilycts Touka nepeceuenus AB u ay — aro C, a nuinna xacareasHoit us C x €)' pasHa t.
HNokaxure, uto CK = CL = t.

>> 1.26. IIycts tpeyronsuuk ABC Brnmcan B okpykHOCTS (). ITycts oKpyskHOCTS ) Kacaercs )
u3HyTpu B Touke D u Kacaercs otpe3koB AB u AC B toukax B’ u C' coorBercTBeHHO. [JOKa)KUTE,
YTO TOUKA [lepeceueH s OIIMCAHHBIX OKpYsKHOCTell TpeyroiasaukoB C'C' D u BB’ D nexur Ha nps-
moit C' B'. lokaxkure, uto otpe3ok B'C’ comepKUT LIeHTp BIIUCAHHOI OKPY>KHOCTY TPEYTOJIbHUKA

ABC.

> 1.27. Ilyctb gBe OKPY>KHOCTU paguycoB Ry u Ry KacaroTcs Opyr Apyra M KacarTcs npsamoii { B
toukax A u B. [Jokaxure, uto AB? = 4R, R,.

> 1.28. Ha mpsimoit pactosoxkens! Touku A, B, C' B ykasannom nopsinke. Ha orpeskax AB, BC,
AC xak Ha quaMeTpax IIOCTPOEHBI B OJHY CTOPOHY OT IIpSIMOI IOJNyoKpyxHoctu H,p, Hpe,
H s¢, uepes Touky B mposemena mpsmas ¢ 1 AC. OxpyxHocts () Kacaercs H,c u3HyTpH,
H 4p cuapyxu u npsmoit {. Oxpy>kHOCTb {2y Kacaercs H 4o usnytpu, Hpc cHapyxu u mpsmoir L.
JlokaskmTe, UTO pagymychl OKpyKHOCTel (1) u {2y paBHBI.

> 1.29. Yersipéxyroapunk ABC D BrmcaH B HEKOTOPYIO OKPYKHOCTB 1 B HETO BIIJICAHA OKPYK-
HOCTh ¢ 1eHTpoM [. IIponomxenus cropor AD n BC nepecekarorcs B Touke K. [lokaxure, 4T0

KA-KD = KI>

W3 37011 3a1a4m1 ¢ TOMOIIBIO CBeAeHIII 113 pa3fena «['eomeTpusd 2» MOKHO BBIBECTH CJIEAYIOLIIYIO
3ajaygy:

> 1.30. Ha rutockocTy maHbl 1B€ OKPYKHOCTH M PaCCMaTPUBAIOTCA BCEBO3MOKHBIE UETHIPEXYTOIIb-
HUKI, BIIICAHHBIE B IIEPBYIO U OINMCAHHbIE BOKPYT BTOPOIL. [lOKaXXITe, UTO TOUKM I€pecedeHus
AMaroHayuei BCeX STUX UEeThIPEXYTOIbHUKOB COBIIAAIOT.

Hanee mayT pasHble (akThl IPO OKPY>KHOCTY, BIJICAHHBIE B CEITMEHT MJIM KPMBOJIVHEITHBIN
TPEeyTOJIbHIUK.

> 1.31. Tpeyroxpuuk ABC BrmcaH B OKPY>KHOCTS (), IEHTp €ro BIUCAHHOI OKPYXHOCTI 000-
sHauuM /. OxpyxuocTs (' kacaercs nyru C'AB okpyskHoctu §) B rouke K u Kacaercst orpeska BC'
B Touke L. [Tycte M — 310 BTOpas Touka nepeceuenus npsamoit L1 u okpyxuoctu €. [lokaxure,
uto Touku A, K, M, I nexar Ha OTHOI OKPYXHOCTH.

> 1.32. [lokaknre, UTO B yCIOBUAX IpeabIAyIelt 3amaun npsamas AN sBisercs KacaTeslbHOI
K okpyxHoctu (). Haue roBOps, LIEHTP BIIMCAHHON OKpPY;KHOCTU TpeyroibHuka ABC' nexur
Ha OpAMoit, coequuswoeirt Toukn L u M, B xoropsix ) kacaercs orpeska BC u omHoit m3
KacaTeJIbHBIX U3 Toukn A.

> 1.33. B okpysxHOCTS §) BrincaH uerbipéxyroabauk ABC D, nBe ero quaroHaam geJsT COOTBET-
CTBYIOILMII KPYT Ha YeTbIpe KPMBOJVHENHBIX TPEYTOJIbHMKA. B KaKaBIN M3 UETHIPEX KPUBOJIM-
HEeJHBIX TPEYTOJIbHIKOB BIIMICAaHA OKPYKHOCTSH (Kacaolasacs ABYX AuaroHasei u (1) u mposemeHa
rpsiMasi, COeMHSIOIIAs TOUKM KacaHUs TaKol BImcanHoit okpykHoctu ¢ AC' u BD. [Jokaxkure,
YTO YeThIpe IOCTPOEHHBIX TaK IPSIMBIX 00pasyIoT MPSIMOYTOJIbHIK U3 3agaun 1.7.



6 P.H. KAPACEB

D> 1.34. Tpeyronbauk ABC BnmcaH B OKpy>kHOCTb (2. D — HekoTopas Touka Ha cropoHe BC.
OxpysxHocTH €2 u {25 KacatoTcs okpys>kHOCTH ) M3HYTpH, oTpeska AD u orpeska BC. OkpyxkHOCTHI
(24 m Q2 mexar 1o Ty ke cropony or BC, uto u Touka A 1 110 pasHsle cTOpoHbI 0T oTpe3ka AD. [lo-
Ka)KIITe, LIEHTPA BIIMICAHHOI OKPY>KHOCTH TpeyroinbHuka ABC neXnUT Ha IpIMOIl, Coe JMHAIOIIe
LEHTPBI OKpY>KHOCTEM {2y 1 ()o.

> 1.35. Tpeyronsauk ABC BrucaH B OKpyXHOCTb {2. ) — TouKa KacaHNI BHEBIIVICAHHOI OKPY K-
Hoctu TpeyroiapHnka ABC co croponoit BC. OxpysxknHoctnu €); m )y KacaroTcsi OKpy>KHOCTHI )
usHyTpH, orpeska AD n orpeska BC. Oxpyxuoctu {2}y u {25 JexkaT 1o Ty xe cropony ot BC, uto
n Touka A u 1o pasHble cTOpoHsI OT oTpe3ka AD. [lokakure, YTO pagmychl OKpyHOCTei (2 u )y
COBIIAMIAIOT C PAJMyCOM BIIMICAHHOJ OKPYKHOCTM TpeyronbHuka ABC.

Crnenyroiias 3ajaua IBJIIeTCI HEKOTOPBIM 0000111eHNeM 3a0a4n 1.26 1 qOKa3bIBaeTCd ITOX0XKIIM
paccyxxneHueM. E€ pe3ysibTaT IpuMeHAeTCA B pa3HbIX 3aJladax, ABE 13 KOTOPBIX IPUBeAeHbI HIIKE.

> 1.36 (Teopema o nyHke). [lana okpykHocTh {2 m Touka A BHe ee. PaccmarpuBarorcss Bce-
Bo3MoHbIe TpeyronbHuku ABC, onmcannsie Bokpyr ). Ha croporne BC' B KaKmoM cilydae BO
BHEIIHIOK (WM BCErJja BO BHYTPEHHIOK) CTOPOHY CTPOMTCH CErMEHT (PUMKCUPOBAHHOI yTIOBOII
MepbI (. [JOKaKITe, UTO Myra CETMEHTa BCerja KacaeTcss HEKOTOPOTl PUKCUPOBAHHO OKPY>KHOCTI
(Y, xacaroweitcs npsambix AB u AC.

> 1.37. Oxpyxuoctu ()1 u )y Kacarorcs U3HYTpU OKpy>KHOCTM () M He mepecekarTcs (cp. C
3amauert 1.23). O6uine BHyTpeHHMe KacatenbHble () u ()y mepecekaior () B Toukax A, B,C, D B
yKa3aHHOM ITOpsAaKe Ha OKpy>KHOCTH (2. [lOKa)KUTe, UTO qBe CTOPOHBI ueThipéxyroiapHuka ABC D
COOTBETCTBEHHO ITapalyIeJIbHbI ABYM BHEIIIHUM OOIIMIM KacaTeJIbHbIM OKpY>KHOCTel {2y 1 ()o.

>> 1.38. Mokaxmure reopemy Peitepbaxa: OKpyKHOCTD, OIVICAHHAS BOKPYT CPEINHHOIO TPEYTOJIb-
Hnka AABC xacaercs BrmcanHoi okpyxHocTu AABC u Bcex BHEBIVCAHHBIX OKPY’>KHOCTENI

AABC
1.4. BpIcOTBI TPEYyrOJIbHMKA.

> 1.39. BuyTtpm octpoyrosnbHoro tpeyronbauka ABC' ormeuena Touka X . Okasanoch, UYTO BbI-
IIOJIHAIOTCA paBeHCTBA YTJIOB

/ABX = /ACX, /BCX =/BAX, /CAX =/ZCBX.
Hoxaxknre, uro X — Touka repeceuenus Boicot (oprouentp) AABC.

> 1.40. IIycts B octpoyrombHOoM Tpeyroabauke AABC npoBenena Boicota AA; U Ha Heilt B3sITa
touka X . Yepes Touky X IpoBeIeHBI OTPE3KM O [TEPECEUEHMS C COOTBETCTBYIOLLIEN IPOTUBOIIO-
JIO’KHOIT cTOpoHOIT TpeyroiapHuka BBy u C'C. Jokaxure, uto L B1A1A = ZC1 A A.

[Topckaska: mpeabIayIIas 3aaua OYeBUAHA IS cayuas, korga X — oprouentp AABC.

> 1.41. JTokaxwure, uro ecnu H — oprouentp AABC, to AH = ctg /BAC - I(BC), rne I —
IIOBOPOT BeKTopa BieBo Ha 90°, a KoTaHTeHC OepéTcs NI OPMEHTMPOBAHHOIO YTJIa.

W3 atont 3alauyl MOXHO BbIBECTU CIIEAYIOINYIO 3a4aUy.

D> 1.42. Yerslpe mpsiMble OOII[eTO ITOJIOKEHMSI 00pasyloT UeThIpe TPEYTOJbHMKA (IO TpOitKam
MpSIMBIX). [loKa)XXIUTe, YUTO OPTOLEHTPHI STUX TPEYTOIBHIKOB JIe)KAT Ha OTHOI IIPSMOIL.

> 1.43. B ocrpoyroisHoM TpeyronapHnke AABC pacronoskeH COOTBETCTBEHHO HOJOOHBIN eMy
tpeyronbank AA; B1Ch, y kotoporo mpogmoinkenue npsmoit Ay By cogepxur C, npogokeHue
npsimoit B1C) comepsxkut A, npomomkenue npsmoit C1A; comepsxut B. [lokakure, UTo LEHTP
onmcanHoit okpyxuoctu AA; B1C coBnamaer ¢ oprorentpom NAABC.

Cneny}omaﬂ 3ajJada HEITOCPEACTBEHHO CIENYET 113 TEOPEMBI HMd)aropa.
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> 1.44. Iycrs B tpeyronbuuke AABC na croponax AB, BC, C'A Basarer touku Ch, Ay, By
COOTBETCTBEHHO U Uepe3 HUX IIpOBedeHbI mpsimble (¢, {4, {p nepnengukyiaapuo AB, BC, CA
COOTBETCTBEHHO. [JOKa)KITe, UTO 3T IIPSIMBbIe IlepeceKaloTcs B OJJHOI TOUKe TOTAA ¥ TOJIBKO TOTHA,
Korza

AC’l2 + BA% +CB? =C,B*+ A,C? + B, A%
Nnero npeapinyiieit 3ajauy pa3BuBaeT cieqyonias:

> 1.45. B ocrpoyrombroM tpeyroisauke AABC mposenens! Boicotsl AA;, BBy, CCy. B Tpe-
yroapuukax AAB;Cy, ABC1 Ay n AC' Ay By mpoBeneHbI coOTBeTCTBEHHO BBICOTHI A Ay, BBy, C'Cs.
Yepes Touku Ay, By, Cy mpoBenens! npsimble £ 4, {5, (¢ nepnengukyispuo BC, C A, AB coorset-
crBeHHO. [Jokakure, uto npsamsble £ 4, {5, (¢ IepeceKkaroTcs B OJHOI TOUKe.

1.5. A3oroHaJIbHOE COIIpSI>KEHMe.

Onpenenenne 1.46. Toukn X u Y BHyTpu Tpeyronpuuka AABC Ha3bIBaOTCS U3020HATLHO
CONPANCEHHBIMU, €CTTU

/BAX = /CAY, /ZCBX =Z/ABY, /ZACX = ZBCY.

Ynpaxcnenue 1.47. Jloka>xuTe ¢ IIOMOILBIO TeOpeMbI UeBBI, UTO y BCAKON TOUKM X BHYTpPU Tpe-
yroiasauka AABC cymecTByeT M30TOHAIBHO CONPSHKEHHAS eJl TOUKa BHYTPU TPEYTOJIbHIKA.

>> 1.48. (YactHsii cayuaii reopemsl [Tackans) Ilycrs rouku A, B, C, D, E| F nexat Ha OKpY»XHOCTH
B faHHOM Iopsake. O603HAUNM TOUKM IepeceueHs:

X=AENBF, Y=ADNCF, Z=BDnNCE.
Hoxkaxure, uto X, Y u Z nexar Ha OJHON IIPSIMOIL.

> 1.49. [Mau tpeyroasunk AABC n Touka P BHyTpu Hero takas, 4To
LAPB — LZACB = LAPC — LABC.

OG6o3HauMM LIEHTPBI BIMCAHHBIX OKpYKHOCTeN TpeyroabHnkoB ANAPB u AAPC uepes D u E
coorBeTcTBeHHO. [lokaxure, uro npsimele AP, BD u C'E nepecekaroTcsi B OTHOI TOUKe.

>> 1.50. Buytpu tpeyronsumka AABC ormeuena Touka P. O6o3naunum [4, Ip u Io neHTpHI
BIIVICAHHBIX OKpy>kHOCTel TpeyronbunkoB ABPC, ACPAu AAPB coorsercTBeHHO. MI3BecTHO,
uro [ 4 nexxut Ha 6uccektpuce L BAC, I g nexur Ha 6uccexrpuce ZABC. lokaxkure, uto I nexur
Ha 6uccexrpuce ZBCA.

> 1.51. B tpeyronsuuke AABC nposenena menmana AN . IleHTpsI BOUCAHHBIX OKPYKHOCTE
tpeyronsHnkoB ABAM n ACAM o6o3nauum [; u 5, cepenuny nyru BAC onucaHHOM OKpYyX-
HocTu o6o3Haunm A’. [Jokaxkure, uto uersipe Touku A’, A, [} u 5 iexaT Ha OTHOI OKPY>KHOCTH.



8 P.H. KAPACEB

2. Teopmsa umcen

2.1. Anroputm EBximpa. B nanpHeiiieM HanGOMbIINIT OOIIIL JeIUTENh HATYPATIBHBIX 1L U M
o6osHauaercs (1, m).

> 2.1. JJokakmre, UYTO IJIg JIIOOBIX HAaTypaJbHBIX N VI 1M HAWAYTCA TaKMe IleJIble n’ um', uro
(n,m) =n'n+m'm.

D> 2.2. [JokasKuTe, YTO HAUOOJIBIINIT OO qennTenb (m,n) obiagaer GByMs CBOICTBAMU: OH
SIBJISIETCS EJIUTEJIEM 1M Y N, VI JIF00O0TI qPYTOii OO HeTUTEIIb 1M 1 N IBJISETCS TAK)Ke AeJINTeIeM
(n,m).

> 2.3. Jokaxnre, uto eciut (n,m) = 1,10 (2" — 1,2 — 1) = 1.
> 2.4. Yemy paBeH HamGoMbIIMIT 00LuiT genutens (2" — 1,2" — 1) npu npousBONBHBIX 1 U M?

D> 2.5. JIOKaXUTe, YTO €CIIU Uil HATYPAIbHBIX 11 ¥ N BIIONHAETC (m,n) = 1, To nis 11060ro
HaTypaJIbHOIO k

(m,nk) = (m, k).

> 2.6. [Jokaxure, UTO €CJIM P — IIPOCTOE YMCIO, a 1 b — HaTypanbHbIe uncia n ab geaurcs Ha p,
TO OIHO U3 Umcesa a ¥ b geaurcs Ha p.

> 2.7. lokaxwure, uro ecau (m,n) = 1, a UNCIO a DeTUTCA HA M U HA N, TO OHO JEJINTCS Ha M.

> 2.8 (OcHoBHas TeopeMa apupmeTnknu). [Jokaxure, 4To 11060€ HATypaJbHOE YNCIIO PACKIIAbI-
BaeTcd B IIpoM3BeJeHIe IPOCThIX OJHO3HAUHO C TOYHOCTBIO 10 ITIepeCTaHOBKIU MHOKUTEJEIL.

> 2.9 (Kuraiickas teopema 06 ocrarkax). IIpeamonoxmum, 4to my, ..., My — IOMAPHO B3aMMHO
npoctele unciaa, M = mymy ... my — Ux npousBeaeHne. Torga oToOpaxeHue, COIOCTaBIAOIIee
ocratky  1mo moxyiw ) Habop ero ocratkos (i, ...,T), TI€ T; — OCTATOK II0 MOXYJIIO M,
OIIpeJieJIeHO M B3aIMHO OJJHO3HAUHO.

Hpyras ¢opmMynmpoBKa: ecam 4ucia myq, ..., My IIOMApHO B3aMMHO IIPOCTHI, & Q1,. .., 0 —
HEKOTOpBIE LieJIble UNCIIa, TO HAIAETCS 1eJIoe YMCIIO0 & TaKoe, uTo Iy troboro ¢ = 1,...,k

r=a; mod m,.

> 2.10. doxaxure, uto eciau (m,n) = 1 u ga"o HarypanbHoe umcio N > mn —m — n, o N
MOKHO Hpe}lCTaBI/ITB B B e

N=m'm+n'n
C LeJIBIMU HeOTpuuaTeabHbMu m’ u n'.

> 2.11. Ilycts f,, — uncna Pubonauun (Hanomuum, uro fo = 0, f1 = 1, fre1 = fu + foo1 Tpu
n € N). Hokaxure, uro ecnu (n,m) = 1, 10 (f,, fn) = 1. [lokaxxure Gosee obliee yTBepKIEHME:

2.2. CnoxeHue xpooeri.

m m 1
> 2.12. JlokaxkuTe, uTo eciam /7 — — > 0 (m 1 n — HarypagbHbBIe YuCIa), T0 /7 — — > —.
n n . mn

> 2.13. oxkaxure, uto eciu p € Pu p # 2, 10
m 1 1 1
n 2 p-1

10 p | m (p memur m).
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> 2.14. IlycTh p — mpocToe Umcio, a ¥ — panuoHansHoe uncio. [lonoxkum deg, z = k, ecnn

m

k
r=p —,

n

T7e m U n He genaTcd Ha p. [JoKasKuUTe, UTo

deg,(z + y) > min {deg, z, deg, y}
u ecnn deg, v # deg,, y, TO

deg,(z + y) = min {deg, z, deg, y} .

> 2.15. B 0Go3HaueHMsAX IpebIAYINeil 3aaun, IPUBEANTe PUMep CUTyarun, korma deg, © =
deg,y = k, mo deg,(z +y) # k.

D> 2.16. [lokaxure, UTO HM P KaKOM HaTypalbHOM i > 1 umcio

il
237 'n

He I1eJI0e€.

D> 2.17. [loxaxure, UTO HM P KaKOM HaTypaJlbHOM 1o > 1 umcio

U R R
35 7 on—1

He IIeJIoe.

2.3. IIpocrerimume ypaBHeHM B LeJIbIX UMCJIAX.

Onpepenenne 2.18. Ypasuenue F(z1,...,x,) = 0 HaspIBaeTCs OJHOPOIHBIM, €CIIU IIPU 3aMeHe
ry = kxy, oy = kaxo, ... 2l = kx,

ypaBHEHME YMHOKAeTCs Ha k B HEKOTOPOII CTEIEH.

HpI/I PELIEHNN OJHOPOOHBIX YpaBHeHMf/I B [IEJIBbIX UNICJIaX ITOJIE3HO CHauaJla IIOOEJIVITh BCE IIE€EPE-
MEHHBIEC Ha IX H. O. [I., I faJI€€ ITpEeAIIojaraThb, UToO II€pEMEHHDBIE B3aVIMHO ITPOCTHI B COBOKYITHOCTIL.
OrmmcaB Bce B3aIMHO IIPOCThbIE€ PELICHNA, MbI 3HA€EM, UTO BCE€ OCTAJIbHbBIEC PEIIEHNIA ITOJYUA0TCA
3 HUX JOMHOKE€HNEM Ha OJHY I TY K€ IIE€JIYI0 KOHCTAHTY.

> 2.19. JJokakure, UTO BCE pPeIleHNs YPaBHEHNS
2 4yt = 2
MMeIoT B (BO3MOSKHO, II0CJIe IIEPECTAHOBKU X U Y )
r=20mn, y=C(m*—n?), z=Cm*+n?), COmmnecZ
Ecnu morpe6oBaTh B3aMMHYI0 IIPOCTOTY (B COBOKYITHOCTH) T, ¥, Z, TO MOKHO CUMTaTh, uto C' = 1.

Taxke ecnu YpaBHEHME OJHOPOOHOE, TO MOXHO CBECTU €TI0 K YPAaBHEHUIO B pallVIOHAJIIbHBIX
Uuciax, CaoejlaB 3aMeny

t=21/Tn, ta = Do/ Tyt = T[T,
TOT/la B3aMIMHO IIPOCTBIE L{eJIble PellleHVst OMHOPOAHOro ypasHeHus F'(x1, za, ..., x,) = 0 ¢ ycio-
BueM &, > 0 (wiu z,, < 0) HaXOmATCS BO B3aMMHO OJHO3HAYHOM COOTBETCTBIM (C TOUHOCTHIO O
3HAKa) C paliOHAIBHBIMI peleHusMu ypasaenus F'(ty,to, ..., t,_1,1) = 0.

D> 2.20. Pemnre 3amauy 2.19 ¢ MOMOIIBIO CBeJeHN K yPaBHEHUIO B pallIOHATBHBIX UMCIaX.

D> 2.21. Hajinure Bce HaTypaJIbHbIE pellIeHNUs YpaBHEHUI

%+ y2 =222
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> 2.22. JIokaKuTe, YTO ypaBHEHE B palMoHaNbHbIX unciax P(s,t) = 0,rge P(s,t) — MHOrOwIeH
TPETHENI CTEIEHN, MOKET OBITh PELIEHO B IBHOM BUJE, ECIIM HAAETCS TaKast Ilapa PalliOHATbHBIX
uucen (S, to), 4TO

oP oP
P(So,to) = g(é’o,to) = E(So,to) = 0

D> 2.23. Hajigure x0T OBI TpY PasjIMUHBIX pEIlIeHN YPaBHEHUA
s +17=9
B pallIOHAJIBHBIX YICJIaX.

D> 2.24. JloKaK1Te, UTO CYILIEeCTByeT OeCKOHEUHOe KOJIMUYECTBO IIap 1, 1 B3aMMHO IIPOCTBIX HATY-
PaJIBHBIX YICEJI TAKUX, UTO BCE COOTBETCTBYIOIINIE yPaBHEHNS

(z+m)* =nx
VIMEIOT 110 TPU PA3JIMUHBIX LIEJBIX KOPHSL.

D> 2.25. JlokakuTe, YTO He CYIIECTBYeT UETBIPEX TOUEK Ha IVIOCKOCTM TAaKMX, UYTO PACCTOTHUE
MeKy JIOOBIMI OBYMS M3 HIX — HEYETHOE I1eJI0e UMCIIO.

2.4. Cyck B ypaBHEHUSIX B IeJIBIX YMCJIAX. B HEKOTOPBIX ypaBHEHNUAX B LIEJIbIX YMCIAX (Kak
IIPaBILJIO, BTOPOT'O MOPsIIKa) BO3MOXKHO IIOCTPOEHIe HOBOT'O pellleHus u3 craporo. [Ipu atom, npu
HEKOTOPBIX JOIOTHNUTEIbHBIX IIPEIIOI0KEeHNAX, Y HOBOTO pellleHNs CyMMa MOAyJIell, MaKCUMYyM
MOJIyJIA, YUIM KaKasg-TO Apyrasd BeJIM4yHa OyIeT MeHbIIle, UeM y CTapOTO PeIleHN .

9TO II03BOJIAET IIOCTPOUTD BCE PELIEHN yPaBHEHN, VTN JOKa3aTh OTCYTCTBHE pelleHuii. B mo-
clleTHeM ciIydae OOBIUHO CTPOUTCS IIPOTUBOpEUNe TaK: JOKA3bIBAETCS, YTO JJI BCAKOTO PeIIeHI
CYILLIeCTBYeT MEHBbIIIee pellleHIe.

D> 2.26. [lokaXxnuTe, UTO ypaBHEHNE
2+ + 22 = 2xyz
HE JIMeeT pellleHNIl B HaTypPaJIbHbIX UMCIIAX.
> 2.27. Jlokakure, 4TO ypaBHEHIE
2?4y 4 22+t = 2xyzt
HE JIMEeeT pellleHNil B HaTypaJIbHbIX UMCJIAX.

> 2.28. [okakure, YTO 7 HeJIb3s IPENCTAaBUTb B BUIE CYMMBI TPEX KBAaJpPaTOB PaIlMIOHAIBHBIX
YmCel.

> 2.29. Jlokakure, 4TO ypaBHEHIE

He JIMEET pPellleHNI B HaTypPIbHbBIX UMCJIAX.
Janee mist ypaBHEHMIT BTOPOTO MOPsAAKa HaM ITIOHAZOOUTCS IIPOCTOE YTBEpKACHE.

Ynpasxcnenue 2.30. Eciiv KBampaTHBIN TPEXUIIEH CO CTApIINM Ko3dduumeHTOM 1 M LeapMu Koad-
buLMeHTaMy MMeeT OJVH LeJIbIl KOPeHb, TO APYTOil ero KOPeHb TOXKe LIeJIBII.

3aMeTbTe, YTO BTOPOII KOPeHb KBaAPaTHOI'0 YpaBHEHN MOKHO HalITH 110 TeopeMe Buera nBymsa
crioco6amMi. 9TO MO3BOJISIET OCYILECTBIIATH CITYCK B YpaBHEHMUSX, KBAAPATUUHBIX OTHOCUTEIHBHO
CBOUX IIepeMEeHHBIX.
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>> 2.31. JlokakuTe, 4TO I1apa HATYPaJIbHBIX Uncel (&, y) ABJIAETCSI pellleHeM ypaBHEHNS
2 —kry+vyi=1, k=2
TOTZla M TOJILKO TOT/Ia, KOTJa 3TO I1apa COCEQHUX YJIE€HOB I10CJIeJ0BATEIbHOCTI
a; =1,a0 = k,ap1 = kap, —an—1 (n > 2).
> 2.32. Jlokakure, 4TO ypaBHEHIE
v —kry+y*=2, keEN
HE JIMeeT pellleHNI B LeJIbIX YICIIax.
D> 2.33. PemmTe B 1eJIBIX YNCIAX YPaBHEHN

vt —ay—yt=1

n
22 —ay —y? = —1.
2 4 32
a”+b
> 2.34. IlycTh mya HATYpaJIbHBIX @ U b UMCIo T resioe. /fokaskure, UTO TOTJIa 3TO UMCIIO
a

KBaJpar LIeJIoTO.

T 2.35. HarypanbHble uncia m, n, k TakoBsL, uto 4mn = (2k + 1)2 + 11. JokakuTe, UTO TOTHA I
HEKOTOPBIX HEUETHBIX @ U b

dm = a® + 110* wmm  4n = a® + 1162,

2.5. Manaa teopema ®epma. OgHUM 13 OCHOBHBIX METOJOB B 3JI€MEHTApHOI TEOpMUU YMCEl
SIBJISIETCSL B3SATME OCTATKOB II0O MOJYJIO KaKOro-imbo umcia. [lepBbIM HeTpUMBMAIBHBIM (PaKTOM
IIPO OCTATKMU SABJIgeTCSA Majasd TeopeMa Pepma:

Teopema 2.36 (Manas reopema Pepma).
2 —2x=0 modp, xz€Z, pelP.
Ynpaxcnenue 2.37. [lokaxxnte Mmanyro teopeMy Pepma.

Teopema 2.38. [Iycmo f(x) — MHO2OUIEH ¢ YeTbIMU KOIPPUYUEHMAMU CIMENEHU N, CMAPWULL KOIP-
¢puyuenm Komopozo He deumcs Ha p. Toeda Komuuecmeo pazHvix ocmamkos r mod p, ydogremeo-
DPANOUUX CPABHEHUIO

f(z)=0 mod p

He Npesocxooum n.
> 2.39. [lokaxure Teopemy 2.38.

> 2.40. ITycTts p — mpocTO€ UMCIIo 1 B3AMMHO IIPOCTO C P, @ kK — HaMeHbIIlee HaTypaJIbHOE YICIIO,
takoe uro n* =1 mod p. Hokaxkure, uto k | p— 1.

k/2 —

2.41. B ycnoBumsIx mpepIayliieil 3ajaun JOKKIUTeE, UTO eCIu k YETHOe, TO N —1 mod p.

k
2.42. Jlokakure, 4YTO BCe IIPOCTBIE AEJIMTEIN UMCiIa 22" + 1 umeror Bug m2Ft! 4 1.

>
>
> 2.43. Jlokaxxute, 4To ecau k # [, To umcna 22" + 1w 22 + 1 BzaumuO HPOCTBL
> 2.44. [Jokaxmure, uto ecmu uncno 228 4+ 2% + 1 mpocroe, To 22 + 2% + 1 | 92+ _
>

o n n
2.45. Jlokaxxute, uTo obbequHEeHME TocaenoBarenabrocteit {22 + 1} u {6%" + 1} conmepxur
OeCKOHEUHO MHOTO COCTABHBIX UMCEJL.

> 2.46. lIycte [ > 1,k > 0, p € Pum € N. [lokaxure, uro
P (4 prmyt -1
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> 2.47. lycrp k > 1 um € N. [Tokaxure, 4T0
2542 | (14 2m)* — 1.
2.6. KBagpaTuuHble BbIUETHI.

Onpenenenme 2.48. OcraTox 7 110 IIPpOCTOMY MOOYJIIO P HAa3bIBA€TCA KsabpamuunM 6blUemom

II0 MOAYJIXO P, €CIIN CYIIECTBYET TAKOE LIEJIOE€ T, UTO $2 =r mod p-

Jlng Hauama MBI KCCIIeyeM, KOTAa — 1 SBIIgeTCs MM He IBJISeTCs KBaJpaTUYHBIM BbIYETOM II0
IIPOCTOMY MOJYJIIO.

> 2.49. Ecu p € P umeer Bup p = 4k — 1, To u3 Toro, uto p | 22 + y* cnenyer,utop |z up | y.
D> 2.50. [loxakure, UTO IPOCTHIX umcel Buaa 4k + 1 6ecCkoHeUHO MHOTO.
> 2.51. Ecnu p € P umeer Bup p = 4k + 1, To cyuiecTByer Takoe 1eyoe (v, UTo a®?4+1=0 mod P.

D> 2.52. Jlokakure, 4TO ypaBHEHIE
> +5=y
He JIM€eEeT PEILeHNIT B LIeJIbIX YIICIIax.
Beeném o6osnauenne c(p) = 7%1. Omo OymeT NIpMMeHATHCA AT HEYETHBIX IIPOCTBIX UMCEI P.
D> 2.53. JlokakuTe, YTO CpaBHEHMe (p — HEUETHOE IIPOCTOe)

2=¢ mod p

x
pasperimo, ecn a*®) = 1 mod p u Hepaspermmo, ecn a°?) = —1 mod p.

D> 2.54. [lokaXxmuTe, UTO eciay p > 3, TO CyMMa BCeX KBAaJPATUUHBIX BBIUETOB II0 MOAYJIO D

cpaBHMMA ¢ () IO MOTYJIIO P.
(E) = =+1, (2> =a*®  mod p,
p p

3TO BBIpa)kKeHIe Ha3bIBaeTcd cuMBoJIoM JlexxaHmapa.
Brruncinenne cumBoia Jleskanapa MokeT 00JIeTUUTH CIeAYIOIas 3aMeyaTesbHas TeopeMa:

O0603HaUUM

Teopema 2.55 (KBagparuuHsbIit 3aKOH B3aMMHOCTH). /[T HEUEMHBIX NPOCMbIX UUCeT ¢ U P cnpa-
6ednuea popmyna:
(g) (12) (1)),
p q

T 2.56. [lokaskute KBaJpaTWYHBIN 3aKOH B3aIMHOCTH.

2
> 2.57. Kak BpIUMCInNTh (—)?
p

HpI/I pEIEHNN ABYX IIPEABIAYIINX 3aa4 MOKET IIOMOUYb YTBEPKIAECHUIE TaKom 3agauin:

> 2.58. IlycTh S — Takoe MHOKECTBO HEHYJIEBBIX OCTAaTKOB mod p, UTO 1JIs TF000r0 HEHYJIEBOTO
OCTaTKa & POBHO OJUH U3 OCTATKOB = U —x mpuHamiexutr S. O603HaunM e(s, a) Takoe U3 Yuce
1 mmu —1, uro e(a, s)as € S (10 yCIOBUSIM Ha MHOKECTBO S OHO OIpeNesIeTCs] OTHO3HAUHO).

[loxkaxkure, 4To BepHa popmyia
(E) = He(a,s).
p

seS
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2.7. CyMMBI ABYX KBaJpaTOB.

Teopema 2.59. [Iycmvz € R u M € N, mozoa cywecmeyrom makue ) < m < M un € Z, umo

1
—nl < —.
|ma — n| 7

> 2.60. [Joxaxmnure Teopemy 2.59.

Teneps ¢ MOMOIIBIO TEOPEMBI 2.59 MBI MOKEM B HEKOTOPBIX CIIydasX IepexXOINTh OT CPAaBHEHUIA
II0 MOJYJIO K TOYHBIM PaBE€HCTBAM. JTO IIO3BOJIMT HaM JOKa3aTh, UTO IIPOCTOE UMCIIO P IPem-
CTaBJISETCSA B BUJE CYMMBI IBYX KBaJpaTOB TOTJA U TOJIBKO TOTJA, KOTJa 3TO He IPOTMBOPEUUT
CPaBHEHUIO 110 MOJYJIIO P.

> 2.61. lokaxmure, uto ecmu p = 4k + 1 € P, 10 p = 2 + 3 nna HeKOTOPBIX T, Yy € Z.

D> 2.62. Jloka)XuTe, YTO eCIIN UMCia @ U b ABIII0TCA CyMMaMI ABYX KBAJPATOB, TO MX IIPOM3BeIeHIE
TOKE ABJIAETCI CyMMOI IBYX KBaJpaToOB.

M3 Bcex mpepIayIIUX 3aay CIeyeT TaKoe YTBep:KaeHue:

Teopema 2.63. Lenoe uucno npedcmasnsemcs 6 6ude CyMMbl 06YX K6a0pamos mozoa u moJibko moeoa,
K020a ezo passoieHue Ha nPocmole He COOePHUM HU 00HO020 nPpocmozo uucna euda 4k — 1 6 Heuémmnoii
cmeneHu.

> 2.64. [lokaxkure Teopemy 2.63.

Omnpepenenne 2.65. [ayccOBHIMU LIEIBIMU UMCIAMU HA3bIBAIOTCS KOMIUIEKCHBIE UUCIA BUMIA
a+1ib,tme a,b € Z, a 1> = —1. x MHO)ecTBO 0603HauaeTcs Z|i|.

> 2.66. [IOKaXKuTe, UTO TayCCOBBI LIeJIbIE UMCIIa MOXKHO JEJIUTh C OCTATKOM, @ UMEHHO: JIS1 JTFOOBIX
p,q € Zli], ¢ # 0, maitnyres s, r € Z|i], uto

p=gs+r |r|<lql/V2.

D> 2.67. [lokakure, UTO TayCCOBBI IieJIble YIcjia OJHO3HAYHO PacKJIaqbIBAIOTCSI HA MHOXUTEIN C
TOYHOCTBIO 10 YMHOXKeHUs Ha —1, ¢, —1.

D> 2.68. BriBemuTe U3 mpeabIAyLIEN 3aaU BO3MOXHOCTD PA3JI0KUTh IPOCTOe umciio Buaa 4k +
1 B cymmy gByx kBajparoB. [loKa)KITe, UTO TaKOe pasJioKeHNe eIVMHCTBEHHO C TOUHOCTBIO N0
IlepecTaHOBKIU KBaJAPATOB.

D> 2.69. Kakue rayccoBsl LieJIble YICJIa HeJIb3d Pas3jIoKUTh Ha MHOMKUTEINU, KaXXIbI 13 KOTOPBIX
He paBeH 1, —1,7, —i?

> 2.70. [okaxkure, YTO JHOOO0IT HEHYJIEBOVI MHOTOUJIEH C LEIBIMU Koa(b(bmumeHTaMM IpYHUMAET
HeHyJIeBoe 3HaueHIe, fesisdiieecs Ha IpocToe umcio Buga 4k + 1.

2.8. YpaBuenmue Ilemnsa.
D> 2.71. [lokaxxute, uTo ypaBHeHMe [lemnsa
¥ —Dy*=1, DEN, D#n?

nMeeT 6€CKOHEYHO MHOTO PeLIeHNII B I[eJIBIX YMCJIaX M BCe Maphl pellleHNiI MOTYT OBITh 3aaHbl
uepe3 COOTHOIIEHNE:

2, + VDy, = £(x1 +VDy)* 2, +VDyl, = £(x1 — V Dy, )¥,

I7e T, Y3 — HEKOTOpble 1iesIble uncia, k € 7Z.
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2.9. CyMMBI TpEX M UeTBIPEX KBAAPaTOB.

> 2.72. [loxaxute, uro uucia Bupa 4"(8m — 1), n € Z*,m € N, He ABIAIOTCA CyMMaMu TPEX
KBaJIpaTOB LIeJIbIX YICe.

D> 2.73. JlokakmuTe, UTO IS BCAKOTO IIPOCTOTO p HAMAYTCS TPU UKCIA a, b, ¢, He Bce U3 KOTOPBIX
JleNIATCS Ha P, U1 KOTOpBIX p | a? + b? + 2.

D> 2.74. Jloxkaxure, UTO €CJIV YNCIA ¢ U b ABIAIOTCA CyMMaMU YeTHIPEX KBaPaTOB, TO UX IIPOU3-
BeJleHIIe TOKe ABJIAETCS CyMMOII UeThIPEX KBAIpPaTOB.

> 2.75. [loxkaxure, uto ecny uncna ¢ u b # 0 SBJISIOTCS CyMMaMU UeTBIPEX KBaJpaToB paliy-
OHAJIBHBIX UMCEJI, TO MX YAaCTHOE TOXE ABJIAETCA CYMMOﬂ qupréX KBagpaTOB pallMIOHAJIbHBIX
YMCel.

> 2.76. ,HOKaH{I/ITe, YUTO BCAKOE ITOJIOKUTEIPHOE PAllVIOHAJIPHOE UJICIIO ABJIACTCA CYMMOI7[ qupréx
KBagpaToOB palllIOHAJIbHBIX UJMICEJI.

D> 2.77. JlokakmuTe, 4TO BCAKOE HATYpPAJIbHOE UMCJIO ABJIAETCA CYMMOJ YETBIPEX KBAPaTOB LIE€JIbIX
YIICEl.

T 2.78. [Jokaxure, UTO BCe HAaTypajbHbIE UMCIIa, KpOME UVCesI U3 3aaun 2.72, IBJISI0TCSI CYyMMaMU
TPEX KBAPATOB IEJIbIX UNICeJI.

2.10. IlepBoOOpa3HbIe KOPHU IO MOAYJIIO p. CTPYKTypa OCTATKOB IT0 MOTYJIIO ) OTHOCUTEIBHO
oIepalyyl YMHO)XEHYS OIIMIChIBAETCS C IIOMOIIIBIO IIOHATHS «IIEPBOOOPA3HOTO KOPHI».

Omnpepnenenne 2.79. Ocratok ¢ mod p Ha3bIBAETCSI NePeooOPA3HbIM KOPHeM TI0 MOIYIIO D, €CIIU
J1000¥1 HEHYJIeBOJI OCTaTOK & Mod p mpencTaBisgeTcs B BUIE

z=¢'™ mod p.
Teopema 2.80. /s 1106020 npocmozo p cywecmsyem nepeooopasHuiii KopeHb no MoOyIio p.
> 2.81. JlokaxxuTe TIpebITyLIYIO0 TEOpEMY, IPUMeHss TeopeMy 2.38 K MHOTOWIeHaM Buma x* — 1.
D> 2.82. [Ing BceX HATypaJIbHBIX k VI IIPOCTHIX P BBIUMCIIUITE OCTATOK

4284+ (p—1F mod p.

> 2.83. Ilyctb p — mpocroe uncio, a P(z1,...,%,) — MHOTOWIEH OT 1 TIEPEMEHHBIX C LEJIBIMUI
koaddurmentamu crenenn menee n(p — 1). [lokakure, uto cymma sHadeHumit P mo Bcem Habopam
HebIx uucen (1, ...,x,) c0 < x; < p menurcs Ha p.

>> 2.84. Ilycrs p — mpocroe umcino, a F'(z1, xg, . .., Z,) — MHOTOUIEH OT 1 IIEPEMEHHBIX C LIETBIMI

koaddunmeHTamMu crereHu MeHee n. [JloOKa)KUTe, UTO KOJIMYECTBO PEIlleHUIT CpaBHEHS
F(zy,z9,...,2,) =0 modp, 0<z;<p

IEeJINTCS Ha P.

2.11. Ilenbie anredOpamyecKme Ymcia.

Onpenenenne 2.85. MHorowreH co crapimmM KoapduumeHToM 1 Ha3bIBAETCS YHUMAPHDIM.

Teopema 2.86. Ecnu payuoHanbHoe YUCTIO T AGTAEMCA KOPHEM YHUMAPHO20 MHOZOUTIEHA C YeTbIMU
KoapduyueHmamu, mo 3mo YUcio — yeioe.

Ynpaxcnenue 2.87. Eciut Bbl He 3HaeTe JOKa3aTeJIbCTBA 3TOM TEOPEMBI, TO HEIIPEMEHHO JOKAKIUTE
€€ CaMOCTOATEJIbHO.

> 2.88. Jokaxnure, utoecmu -+ + € Z,rox"+x " € Z(n € N). Kpome toro,ecmm 2"+~ " € Z
nr+zxzteQroz+az!eZ
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> 2.89. Haitnure Bce palliOHAJIbHBIE YICJA 7" U ¢ TAKUE, UTO
COSTT = (.

> 2.90. JokaxuTe, YTO eCJIVM BCe KOPHM YHUTApHOTO MHOTOWIEHA C LeJBIMU KoadduumeHTa-
M ABJISIOTCS KOMILIEKCHBIMIU YMCJIAMU C €JUHUYHBIM MOAYJIEM, TO BCE 3T KOPHU SABJISAIOTCA
KOpHSMI HEKOTOPBIX CTeIleHell 13 eIV HUIIBL.

>> 2.91. Eciiu Bce KOpHM YHUTAPHOTO MHOTOUJIEHA C LEJBIMYU KO3 PUIIMEHTaMI 1€/ ICTBUTEIHHBI
V1 JIeKaT Ha oTpeske [—2, 2], To Bce oHYM MMeIOT BUX 2 cos 7, rae 1 € Q.

> 2.92. [Jokaxkure, UTO I JII0060r0 € > () CyIIIecTByeT KOHEUHOE YMCII0 HEeIPUBOAUMBIX YHUTAP-
HBIX MHOT'OYJIECHOB C LI€JIBIMU KOS(‘l)(i)I/ILU/IeHTaMI/I, BCE€ KOpHU KOTOPBIX JIGIZCTBI/ITGJIBHBI n Jexar
Ha oTpeske [—2 + ¢,2 — ¢].

Bor e11é ogHa moxoskas 3ajiaua, pelreHme KOTopoii TpedyeT HeCKOJIbKO MHBIX Ueil. 30ech MOTYT
IIOMOYb 3HAHMSI O OEeJIMMOCTI MHOTOUJIEHOB.

> 2.93. IlycTh A HeKOTOporo umcia © € R 1 HaTypaTbHBIX B3aMMHO IIPOCTHIX 172 ¥ 7 BBITIONHS-
eTcs

2+ eQ, 2"+z2"eqQ.
Jokaxure, uto Torma = + ! € Q.

2.12. PasHble 3amaun. B atoMm pasgese coOpaHBI 3aaul, pelIeHNs KOTOPBIX TPeOYIOT pasHbIX
(nHOTHA Cpa3y HECKOJBKUX) METOMOB.

> 2.94. Toxaxure, uto anus nrwboro a > 0 u m € N ypaBHeHUE

1 1 1

—_t —4+...+—=a

X1 X2 L
JMeeT KOHEUHOE YICJIO PeLIeHNII B HATyPaJIbHBIX UMCIIaX.

> 2.95. Ilycrs o, f > 0 — upparmoHaIbHbIe UMCIa, IPUUEM é—l—% = 1. Jokaxute, 4TO MHOKECTBA
A={lan] :n € N} u B ={|6n] : n € N} (|| osHauaer yenyio uacte ) He IepecexarOTcs u
nx o0bvequHeHMe paBHO N.

> 2.96. [okaxmute, uto ecay yncio 2™ + 1 mpocroe, TO m ABISIETCA CTEIIEHBIO JBOVIKIA.
> 2.97. [Noxkaxkure, uto ecau yucio 2" — 1 nmpocTtoe, TO M TOKe IPOCTOe.
21@

> 2.98. [lokakmuTe, uTO UUCIO N = 2° + 1 mpocroe TOraa U TOJBKO TOTHA, KOrAa

n—1

n|3z +1.

> 2.99. [lokaxkmte, uto yuciuo 2™ — 1 mpocToe Torga U TOJIBKO TOTAa, KOTAa

2'm72 2771,72

2" 1] (2+V3)TT +(2-V3)¥.

> 2.100. Joxaxkure, uro ecnu p npocroe un < p < 2n,to p | C¥..

H p < 4"

pEP, p<n

> 2.101. Jokakure, 4TO

Onpenenernne 2.102. CremneHb MPOCTOro UKCIA P B PA3JIOKEHMM 71 HA IIPOCTbIE MHOXXUTEIN
obosHaunm deg, n.

> 2.103. JlokakuTe, 4TO

vt - [5] - [4]- 552

>1
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> 2.104. Jlokakure, uTO degp C,’j paBHO KOJIMYECTBY IIEPEHOCOB, KOTOpble HANO CAeJIaTh IJIA
cinoxkeHuss n — k u k B p-muHOI cuUcCTEMe CUMCIEHUS.

HcciremoBaHme comepsKaHus IPOCTHIX Yrces B paszioxeHun CF O3BOJISET JOKA3aTh IIOCTYJIIAT
Beprpana (treopemy YebbI111éBa):

T 2.105 (Teopema Yebbimiéna). [{1s1 11000T0 HATYPATIBHOTO 1L 2> 2 CYILIECTBYET IIPOCTOE UUCIO P
TaKoe, YTo
n <p<2n.

T 2.106. Moxaxkmure, uTo umcio 1 + \/§ + \/§ + ...+ \/ﬁ MppanMoHaAJIbHO IIpU aobom n > 2.

T 2.107. dano 2n — 1 uppaumoHaIbHOE UMUCIIO G, Ay, . . . , A2,—1. JJOKAXKUTE, UTO M3 HUX MOXKHO
BBIOpaTh N umcen by, by, . . . , b, TaK, UTO AJIS TIOOBIX MOJOKUTETHHBIX PALIVIOHANBHBIX ', g, . . . , Ty
UIICIIO

lel + szg + ...+ rnbn
6YJICT ppauoHalIbHBIM.
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3. MHorouneHbI

Omnpenenenne 3.1. Bygem 0603HauaTh MHOKECTBA MHOTOUJIEHOB C LIEJIBIMY, PALIIOHATBHBIMIA,
IeVICTBUTEIbHBIMU, KOMILJIEeKCHBIMMI Koacb(bMLU/IeHTaMI/I Z[:L‘], @[x], R[x], C[CE]

3.1. OcHOBHasI TeopeMa ainreopsI.

Teopema 3.2 (OcHoBHas Teopema anreOpsr). Y sw6ozo muozounena P(x) € Clz|, komopuiil He
ABJITEMCS KOHCMAKMOLL, ecmb Xoms 0bl 00UH KOMNJIEKCHbLT KOPEHb.

3ameuarue 3.3. VI3 aT0i1 TEOpeMBI cieayer, uro n6oit Muorouned P(x) € C[z] mpencrasnsercs
B BUJIE

n

P(z) = a, H(x —x;), xz; €C.

i=1
Taxxe o601t MmHorowteH P(z) € R[z] mpexcrasisiercs B Buae

k n—2k
P(z) = anl_[(i’?2 +pir + ;) H (x =), @ipiq €R, p} —4g; <O0.

i=1 i=1

CJICJIYIOU_U/IQ 3agaun MCITIOJIb3YIOT PA3JIOKE€EHIE MHOTOUWIEHOB Ha JIMHEeHbIe UJIN KBaJgpaTN4YHbIE
MHOXUTEJIN.

> 3.4. IlpencraBpTe MHOTOUJIEH z* + 4 B Bume IIpOM3BeeHUS ABYX MHOTOUJICHOB CTEIIeHN 2 C
IeVICTBUTETbHBIMU KO3 duieHTaMI.

> 3.5. lokaxure, uro ecmu P(z) € R[z] rakos, uto P(z) > 0 npu Beex x € R, to
P(x) = A*(z) + B*(x),
roe A(z), B(z) € Rz].

> 3.6. [JokaxmTe, YTO yTBEp:KIAeHME IIpeabIAyIell 3a4auyl He BEPHO AJI1 MHOTOUYJIEHOB OT ABYX
repeMeHHBIX.

> 3.7. Hokaxure, uro eciu P(z) € R[z]| rakos, uto P(z) > 0 mpu z > 0, To

Q(z)
R(z)’

P(z) =

riae MHorowteHnsl R(z) u ()(x) uMenT HeOTpUIIATEIbHBIE JEICTBUTENbHbIE KO9()UIIMEHTBL.

> 3.8. JlokaXmTe, YTO TPUTOHOMETPMYECKIII MHOTOUJIEH CTEIIEHN 7

T(x) =ap+ Z (ay, cos kx + by sin kz) ,

k=1
He PaBHBII TOXKIECTBEHHO HYJIIO, UMeeT He Gosiee 2n KOpHeil Ha mpomexyTke [0, 27).

B cnenyromienn 3amaue oCHOBHas TeopeMa anre6pbl MOJKET IIOMOYb, HO MOKHO pellaTh U 0e3
Heé:

> 3.9. JJokaskure, uTO 1JIsI 106010 MHOrOWwIeHa P () € Z[x] HallxyTcs HeHyJeBble MHOTOWIEHbI
Q(z), R(x) € Z|x] rakue, uto

P(z)Q(x) = R(z™).
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3.2. J1eJIMOCTH MHOTOUYJIEHOB. [[JI9 TOro, 4TOObI HE (bopMyJH/IpOBaTb OTIEJIBHO YTBEPKIEHII
IUIS LeJIbIX, palVIOHAIBHBIX, AEVICTBUTEIbHBIX YUIN JPYTUX YUCE, CAeJIaeM HeCKOJIBLKO OIpeaese-
HUIA.

Onpepenenne 3.10. MHOKeCTBO A HasbIBAETCSI KOMMYMAMUGHbIM KOIbYOM ¢ eOUHUYell, eCI Ha
HeM BBeJIeHbI OIIePALUI CIOKEHWS ¥ YMHOKEHNS, yOBJIETBOPSIOIIIE CIIeAYOIINM yCIOBIAM:
M a+(b+c)=(a+b)+c,a+b=b+a, 0 €A :VYaa+0=a, YVaT—a:a+ (—a) = 0;
(2) a(bc) = (ab)e, ab=ba, 1 € A :Vaa-1=q;
(3) a(b+c) = ab+ ac.

3ameuanue 3.11. B nanbHeiiIIeM KOMMYyTaTYBHBIE KOJbLIA C € MHNIIE] Ha3bIBAIOTCSI IIPOCTO KOJIb-
yamu. Hanbosee xapakTepHBIM IPUMEPOM KOJIbLIA SBIISETCI MHOECTBO LIEJIBIX UMCeL.

Onpepenenne 3.12. Bynem rosoputs, uto a € A dentumcsuab € A mnucars: b | a, ecnu Haitnércs
¢ € A rakoe, uto a = bc. [lna HexoTOpBIX a,b,m € A OymeM roBopurh, 4TO @ CpaBHUM C b 11O
MOIYJI0 M U nucath a = b mod m, ecnu m | a — b. Boiuemom snemenTa a € A mo mogyio m
Ha3bIBAETCS MHOKECTBO 3JIEMEHTOB A, CpaBHIMBIX C ¢ TI0 MOIYJIIO 11.

Omnpenenenne 3.13. Komnbiio k HasbIBaeTCs nosem, eCiiu B HeM IS 106010 @ € k, a # 0 Haitpércs
a~! € k raxoit, uto aa"t = 1.

[Ipumeps! mmosiedt: parmoHaabHble U gevictBuresnbHble unciaa Q u R, mose ocTaTkoB 110 MOAYIIIO
IIPOCTOTO YMCIA P — .

It moGoro Kosblia A MHOXXECTBO MHOTOWIEHOB ¢ Koapdurimenramu u3 A — A|x] ssisercs
KOJIBLIOM, aKCMOMBI KOJIbLIA IIPOBEPSAIOTCS TPUBMAIBHO. PacCMOTPUM HEKOTOpBIE Ba)KHBIE YTBEP-
KIEeHUs O JeJMMOCTY MHOTOWIeHOB. [lepBoe TOBOPUT 0 TOM, UTO [JIsI MHOTOWIEHOB ¢ K03 duuu-
€HTaMI B HEKOTOPOM II0JIe BO3MOYKHO JeJIEHMEe C OCTATKOM.

Teopema 3.14. Paccmompum mHozoustenvt u3 k|x], 20e k — nekomopoe nosne. [l 106bix MHOZOUTIEHO8
P(z) uQ(z) # 0 naudymes makue mHozounenwvr S(x) u R(x), umo

P(x) = S(x)Q(x) + R(z)

udeg R(x) < deg Q(z). ITpu smom S(x) nHasvieaemcs uacmuuim, a R(x) — ocmamkom om denenus
P(z) na Q(z) (Bce mHozounenvl us k|x]).

> 3.15. [lokaxure, YTO AJIsI MHOTOUJIEHOB C K03ddUIMeHTaM! B IIPON3BOJIBHOM KOJIbLIE JeJIeHIe
C OCTaTKOM TaK)Ke BO3MOXKHO, €CJIV CTapLINii Ko3apdUIMeHT AenuTens paBeH 1.

V3 meseHMst ¢ OCTAaTKOM cpasy ciiefyeT Teopema (001t cayuait TeopeMsl 2.38):

Teopema 3.16. Mnozounen P(x) € k[x] umeem ne 6onee deg P kopreti cpedu smemenmos noms k unu
J060zo nons K, cooepicaujezo k.

Crenymolee yTBep>KaeHIe TOBOPUT O CyII[eCTBOBAHII HaMOOJBIIET0 OOIIEero AeJIUTeNsT MHO-
TOWIEHOB OT OJHOI IlepeMeHHOII ¢ KO3 PUIMEeHTaMM B IIOJIE:

Teopema 3.17. [ns nobbix 06yx Henymegvix mHozounenos P(x), Q(x) € k|x] natioémes mHozoumen
D(x) makoti, umo ecnu R(z) | P(z) u R(z) | Q(x), mo R(x) | D(x).

> 3.18. JloKa)X1Te 3Ty TEOpPEMY C IIOMOIIBIO JeJIEHNUS ¢ OCTATKOM U JOKAKUTE, UTO CYLIECTBYIOT
A(x), B(x) € k[x] Takne, uto
D(xz) = A(x)P(z) + B(x)Q(x).

Onpenenenne 3.19. Muorounes D(x) HasbIBaeTcss HAUGOTLWUM 00WUM OesiumesieM MHOTOUJIE-
HOB P(x) u Q(x). OH omnpeneséH ¢ TOUHOCTHIO 10 YMHOKEHISI HA KOHCTAHTY.
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VTak, HanOobLINiT OO IeIUTeIh MHOTOWIEHOB OT OJ{HOI ITepeMeHHOI1 ¢ K03 uimeHTaMn
B HEKOTOPOM II0JI€ CYII[eCTBYeT U JIMHEITHO BhIpa)kaeTcs uepes HUX.

Omnpenenenne 3.20. Eciu H. 0. 1. MHOrOuneHOB P(x) 1 () paBeH KOHCTaHTe, TO OHU HasbIBa-
I0TCS 63AUMHO NPOCMBbIMU.

> 3.21 (Kuraiickas teopema o6 ocraTkax misi MHorouneHoB). [Ipexmonoxum, uto My, ..., My
— IOIApHO B3aMMHO IIPOCTble MHOTOWIEHBI ¢ KoadduimeHTaMu B HeKoTopoM mone, M =
My Ms ... My — ux npousBenenue. Ecniu muorownenstr M, ..., M} momapHO B3aMMHO IIPOCTHI,
a Aj,..., Ay — HeKOTOpble MHOTOUJIEHBI, TO HANFETCI MHOrowIieH P Takoii, 4To I JH06Oro
1=1,...,k

> 3.22. [lokaxkuTte, uTo eciu HeHyseBble MHOrowlenbl P (), Q(x) € Z[x] me umernr obumx
KOMILTEKCHBIX KOPHEII ¥ K&XKIBIIT M3 HUX He IMeeT HATyPaIbHbIX KOPHEIL, TO ITOCIIe0BATEILHOCTD

ay = (P(k)aQ(k))7 keN
OTpaHNYEHA (B IIOCIIEOOBATEJIPHOCTY IMEETCA B BIIAY H. O. . UIICEJI, 4 HE MHOI‘O"UIQHOB).

> 3.23. IIycte y MHOrOuUNeHa 4-J1 CTENIeHM C PAlMOHATIBHBIMU KO3(QPUUMEHTAMI €CTh TOJIBKO
OJIMH JeJICTBUTEIbHBIN KOPeHb. [l0OKaXXuTe, UTO 3TOT KOPEHDb PallliOHATbHBIIA.

Onpenenenne 3.24. Muorounen P(x) € Alx] HasbIBaeTcs HenpusoOUMbLM, €CIIVL U3 TOTO, UTO
P(z) = Q(x)S(x) cnenyer, uro opguu u3 MuHorowieHoB ()(z) wiu S(x) sBnsercs KOHCTAaHTOI (He
3aBUCUT OT ).

Teopema 3.25. ITycmv k — none. Kaxoviit mHozounen u3 k(x| packnadvisaemcs 6 npouseedeHue
HeNnpPUEoOUMbLX MHOZOUIEHOE, NPUUEM IMU MHO20UTIEHbL OnpedesieHbl 00HO3HAUHO C MOUHOCMDbI0 00
YMHOMEHUS HA KOHCMAHMbL.

D> 3.26. [Jokaxure 3Ty TeopeMy. BcIloMHUTE TOKa3aTeIbCTBO OCHOBHOIL T€OpeMBI apU(PMETUKI I
BOCITIOJIb3YMTECH BO3MOKHOCTDBIO IEJIEHM C OCTATKOM.

Pasbepémcs Temeph ¢ HEIPUBOAMMOCTHI0 MHOTOUJIEHOB U3 Z[z].

Onpenenenne 3.27. Muorouned P(x) € Z|x] Ha3bIBaeTCS NPUMUMUBHBIM, €CIIVL OH He IeJITCS
HJI Ha OJJHO HATypaJbHOE YICIIO, Oombimee 1.

3ameuanue 3.28. 9To 03HAUAET, UTO €ro KO3(hGUUMEHTHI B3aIMHO IIPOCTHL

Teopema 3.29 (Jlemma l'aycca). IIpoussedeHnue npuMumueHblx MHOZOUTIEHOE SAETILEMCT NPUMUMUE-
HbLM MHO20UJIEHOM.

> 3.30. doxkaxure semmy ['aycca ¢ TOMOILBIO peyKIMY MHOT'OYJIEHOB I10 MOAYJII0 HEKOTOPOTO
npocroro umcna p. Pepykius — 3o paccMorpenue st Hekoroporo P(x) € Z|x] coorBercTBy-
rowtero P(z) € Zy[x], koadduumerTsr KoToporo — ocrarku koadouumentos P(zr) mo Monyio
.

C nmomourbio 1eMMBI ['aycca MOKHO TOKa3aTh CIeqyIOLIYIO TEOpEMY:

Teopema 3.31. Mnozounen P(x) € Z[x| Henpusodum mozda u monvko mozoa, K020a OH HeNPUBOOUM
xax amemenm Q[z].

9ta Te€opeEMa IT03BOJIAET CBECTU M3YUCHNME HEIIPMBOAMMOCTII MHOT'OUWJIEHA Ha Q (T:ITO caeaaTb
CJIO)KHO) K N3YUCHNIO HEIIPUBOAOVIMOCTU HaAIl Z, AJIsI KOTOPOT'O €CThb HEKOTOpPbIE OTpa6OTaHHI)Ie
METOObI.

> 3.32. [lokakute 3Ty TeopeMy.
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Temneps copmynupyem Hambosiee ITOJIE3HBINI KPUTEPUI HENPUBOAMMOCTY MHOTOWIEHOB M3

Z[zx).

Teopema 3.33 (Kpurepuii ditsentureiina). Ecnu y muozounena P(x) € Z|x] 6ce koagduyuenmeoL,
Kpome cmapuiezo, deNsmcest Ha HeKOMopoe npocmoe p, a c60000HbLil uen He deumcs Ha p°, mo P(x)
HenpuUeooUM.

D> 3.34. [loka)XUTe 3TOT KPUTEPUIL.
> 3.35. Jlokaskure, 4TO MHOTOUIEeH =" + 5" 1 + 3 HeNIPUBOAUM IIpU JI000M 1 > 2.
I> 3.36. JlokaskuTe, 4TO IIpM pocToM p MHOTowneH f(z) = 2P~ '+ 2772+ ...+ z + | HenpuBomUM.

> 3.37. Jlokaxute Taxxe, uro npu mo6om ¢ € N muorounen g(z) = f(2*") nenpusomum, npnu
9TOM I10JIe3Ha TeopeMa 3.51 (cMm. masee).

Paccmorpum MHorouneH 2" — 1. Ero koMmiekcHble Kopuu uMeroT Bum 1, w, w?, ... w" !, rue

W = COS 27” + 7sin %’T — IepBOOOpAa3HbIl KOPEHb N-I CTEIleHNW M3 eqMHULBL Torga moiaydaem
pasyoKeHue Ha MHOKUTENN
" —1= H (z — wh).

0<k<n—1
Onpenenenue 3.38. B npuBenéHHBIX BbIlIe 0003HAUEHNSIX MHOTOUJIEH
k
Cu(r)= ][] (@-uh),
1<k<n—1,(k,n)=1

rIe Tpom3BeneHMe GepéTcs Mo B3aMMHO MPOCTBIM C 7. BbIYeTaM k Ha3bIBAeTCd MHOTOUJIEHOM
nenenus kpyra. Cuuraem, uro ¢4 (z) = x — 1.

CreneHb MHOTOUWIEHA [eJIEHNsI KPyTa paBHa ¢(7) — KOJIMUECTBY B3aMIMHO IIPOCTBIX C 72 BBIYETOB
10 MOJYJIIO 7.

> 3.39. Hoxaxure popmyiny (IpousBeneHme M0 qETUTENIM N)
at—1= H@d(x).
din

> 3.40. [Jokaxkure, uto MHOrowieH @, () nmeer rensle Koappuryentsr. Yemy paBeH cBOOOIHBIN
YJIeH 9TOro MHoroujaeHa?

>> 3.41. Ilyctb a,n > 1 — HaTypajibHble uncia. [Jokaxure, UTO BCAKNUIL IIPOCTON AeINUTENb UMCIa
a” — 1 menpme (a 4 1)%™.

T 3.42. [okaxkute, YTO Ka’KAbIII MHOTOUWIEH JIeJIEHUs KPyTra HEIIPUBOMUIM.
Cdopmynupyem elré onuH IPOCTOI, HO ITOJIE3HBIN (PaKT PO [eIMMOCTh MHOTOUJIEHOB:
Teopema 3.43. [lns nwbozo P(x) € Alx| umeem:
z—y| Pr) = P(y).

[lemumocmp paccmampueaemcs 6 CMbiciie MHOZOUIEHOE OM 06YX NepeMeHHbIX, Mo ecmb HAltloémcs
makotl MHozouren D(x,y) om 06yx nepemenHbix ¢ Koagpuyuenmamu uz A makot, umo

(z —y)D(z,y) = P(z) = P(y).
> 3.44. Toxaxure, uro ecnu Q(x) | P(x) — x,10 Q(x) | P(P(... P(z)...)) — .

D> 3.45. [Jokaxkure, uTo eciy MHorousleH P(z) € Z[x] B Tpéx pasHBIX LEJNbIX TOYKAX IPUHIMAET
3HaueHNe 1, To OH He UMeeT LIeJIbIX KOPHEIL.

> 3.46. [lycts P(x), Q(z) € Zlx], k € N. Ilycts s Becex x € Z k | P(Q(x)) — x. Jokaxkure, uto
mBeexx € Z k| Q(P(x)) — x.
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3.3. MHOTrOwWI€eHBI II0 MOAYJIIO p. PaccMOTpUM MHOeCTBO OCTATKOB IT0 MOIYJIIO P 1 0003HAUNM
ero Z,. JlocTaToOYHO OYEeBUIHO, UTO /), ABJIAETCS II0JIeM U JJII MHOTOUJICHOB C KO3 PUIMeHTaMM
U3 Z, IMEIOT MeCTO Bce QaKThI, BEpHbIE JJII MHOTOUWIEHOB C KO3 QUIeHTaMI B IIOJIE.

> 3.47. Muorounens! P(z), Q(x) € Z[r] Ha3bIBaIOTCA CPAGHUMBIMU TIO MOZYILIO D, €CI K03 du-
LIMEHTBI MX PAa3HOCTU Aesarcs Ha p. Torma mbl 6ymem mucatb P(x) = Q(z) mod p. dro pasHo-
CIIIBHO TOMY, uTo peayKuuu P(z) u Q(z) mo Moxyso p coOBHaganT. AHATOTMYHO OIIpeNesIseTcs
CPaBHUMOCTb AJIsI MHOTOWIEHOB OT HECKOJIBKIX IIepEMEHHBIX.

> 3.48. Kakue xopHU B Z, uMeeT MHorowieH r¥ — x? J[lokaxure Teopemy BruibcoHa
(p—1D!'+1=0 mod p.

BrIBemeM HECKOJIBKO MHTEPECHBIX TOKAECTB I MHOTOWIEHOB ¢ K03dduimeHTaMu 3 2.

Teopema 3.49. lmeem mecmo cpaéHerue
(x+y)’ =2+ 4y’ mod p.

> 3.50. [lokakmuTe 3TO CpaBHEHIE.

HeiicTBYsI 10 MHAYKIMN, 3TO YTBEpP)KAeHNE MOKHO YCUJINTb:
Teopema 3.51. Vmeem mecmo cpaguerue ({ € N)

(x + y)plZ =2 +4 mod p.

> 3.52. [lokakuTe, 4TO P | C}’;l mpu 1l <k <pl — 1.
> 3.53. JJoKa)kuTe, 4TO C’ffg —C*=0 mod p.
> 3.54. Jlokaskure, 4TO C’é’p =2 mod p?.

> 3.55. [Tokaskmre, uto p { C’ff TOTJIa ¥ TOJIBKO TOTAA, KOTa B P-UUHOM CUCTEMe CUMCIIeHU Kaskaas
1ndpa uncia k He IIPEBOCXOMUT CTOSIIEI HA TOM ke MecTe UU(pPHI Yncia n.

Tak Kak Z, SIBISIETCS IIOJIEM, TO B KONIbLE Z,[T| MIMeeT MeCTo OJHO3HAUHOEe pasiioXKeHye Ha
HENPUBOAVIMEIE MHOXNTENN. Torma mmeeT CMBICH CIeQyIOIIMIT BOIIPOC:

> 3.56. Haifaure Kolm4ecTBO HEIIPUBOAMMBIX MHOTOWIEHOB B Z, (7| cTeneHu n.

3.4. MHOrouIeHBI C AeliCTBUTEJIbHBIMU Ko3ddduimmenramu. [anee GygeM paccMaTpuBath
MHorouseHbl u3 R|z], eciu He oroBopeHo mpoTuBHOe. ByneM n3yuars BOIpOC 0 MECTOHAXOXK/Ie-
HIJ ¥ KOJIMYECTBe KOPHEJ MHOTOYJIEHA C MICIIOIb30BAHIIEM €TI0 IIPOU3BOIHOIL.

PaccMOTpMM ClleqyroImit BOIPOC: CYLIeCTBYeT i MHOTOWIeH P () crenenn He Gosee n, KOTO-
PBI B 3aJJaHHBIX TOYKAX A1, 2, . . . , Ap4] IPUHMMAET 3aJaHHBIE 3HAYEHU Py, P2, . - -, Dnt1?

Ynpaxcnenue 3.57. [lokaknuTe, UTO TaKOJM MHOTOUJIEH €IVHCTBEHHBIII.

Teopema 3.58 (Uurepnonsuyonnas popmyna Jlarpanxka). Mrozounen P(x) cyuwecmseyem u 3ada-
émces popmynoii:

n+1 x_a )
& —aq;)
;pz]];[l e

> 3.59. Ilycts mMHOrowreH P(z) cremeHu n MMeeT N PasiIMUYHBIX NECTBUTENBHBIX KOPHEI
T1,%2, ..., Ty JOKaKkMTE, uTO I TEOOOTO k < n — 1 mmeer MecTo popmya:

n k

Z; i
; ) 0.
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> 3.60. [au mHorouwteH P(r) creneHu n U pasiuuHbIe LeJIble YUCHA T, Lo, . . ., Tpi1. JOKAKNTE,
. n: .

yro ecymt it Beex ¢ = 1,...,n+ 1 |P(z;)| < o> TO CTapLLILIT koapuument P(z) mo moxyo

MeHbIIIe 1.

Omnpenenum MHOTOWIEHB! YeObIIéBa:

Onpenenenne 3.61. Mrozounenamu YeObiuié6a Ha3bIBAIOTCI MHOTOWIEHB! T (), yXOBIETBOPSIO-
ILIM€ YCIIOBUAM:
cos kx = Ty(cos z).

Ynpasxcnenue 3.62. IIpoBepbTe, YTO TaKue MHOTOUJIEHBI CYII[eCTBYIOT M BBIBEANUTE I HUX peKyp-
peHTHYIO popMyy, Beipaxkatoyo 1 uepe3 Ty 1 m Tj_o.

> 3.63. [Jokaxnre, uro MHOrOWIeHb! Py (1) = 27 (x/2) umeror resbre K09 GUIEeHTHI 1 CTAPIIVIL
koapuument 1. Haiture crapimit koadguuyent maorowrena T (z).

D> 3.64. lokakmre, 4TO ecnu crapiumit KoagduuueHt MuHorounena P(x) cremenu n paseH 1, To

HaléTcs Touka x takas, uro |r| < 1u |P(x)| > ~—. 3amersbre, uTO MHOTOUNEeH UeObIERa,

on
YMHOKEHHBIN Ha HEKOTOPYIO KOHCTAHTY, Ma€T KpallHUII CJIydail B 9TOM 3ajaye.

> 3.65. I[OKEDKI/ITE, 4uTO OJd JII060T0 TPUTOHOMETPUUECKOT'O MHOTOUJIEHA CTECIIEHI T

n
T(x) = ag + E (ay, cos kx + by sin kzx) |
k=1
C ﬂeﬁCTBMTeHLHbIMM ak, bk BBIITIOJITHAETCA HepaBeHCTBO

max{|7T"(z)| | z € R} < nmax{|T(x)| | x € R}.

Cnenyrolue 3agauyl MCIOJb3YIOT CBEJE€HUI O B3aMIMHOM PACIIOJIOKEHN KOPHE MHOTrouJIeHa
I €r0 IPOM3BOAHOI, KOTOphIe HaéT Teopema Posuns (3mecs mpuBoanTces 63 HOKa3aTeNbCTBA).

Teopema 3.66 (Teopema Pomnst). Ecniu ¢pynkyus f(x) Henpepvieha Ha ompeske [a, b], umeem npous-
600HY0 Ha unmepeaie (a,b) u f(a) = f(b), mo naiidémes mouka c € (a,b) makas, umo f'(c) = 0.

> 3.67. Jokaxkure, 4To ecjii MHorouieH P (w) nMeeT k pasIMUHBIX AeVICTBUTEIBHBIX KOPHEI, TO
P’ (x) MMeeT KaK MUHUMYM k — 1 pa3iMuHBII elICTBUTEIbHBI KOPeHb. ITO YTBEpKIeHIe BEPHO,
€CJIVL KOPHM CUUTATH C KPATHOCTSIMIU, M €CJIM KOPHY CUMTATh Oe3 KpaTHOCTEI.

> 3.68. JloKakmuTe, UTO MHOTOUJIEH

e 22 ok
x o1 + ...+ il
nMeeT He 6ojiee OJHOTO AETICTBUTENIHHOTO KOPHSI.
> 3.69. Mokaxure, uto npu r; < Tz < --- < Ty, ypaBHEHNE
1 1
+ PP _|_ — =q
T—T] X — T T — Ty

uMeeT He MeHee n — 1 xopHs nipu a = () u He MeHee n KopHel1 pu a # 0.

>> 3.70. Joxaxkure, uto mis Bcsikoro MHorowreHa P(x) muorowren aP(z) + bP'(z) umeer He
0oJIbliIe MHMMBIX KOpHeN! (IIOCYUMTAHHBIX C KpaTHOCTAMN), yeM P(z).

>> 3.71. Ilycrs MHOTOWIeH P(x) cTelleHM n He MMeeT NeVICTBUTENbHBIX KOpHell. [JokaxuTe, uTo
Torpa auis Jroboro a € R MHOrouneHn

Q(x) = P(z) + aP'(z) + a®P"(z) + ... + a"P"™ ()

TO’Ke He IMeeT OelICTBUTEIbHBIX KOpHCf/I.
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>> 3.72. [Jokaxure, 4T0 ecny MHOTOWIeH () = ag + a1 + . .. + a,*" UMeeT TOIbKO [ECTBU-
TeJIbHbIE KOPHU 1 P(2) — HEKOTOPHIil MHOTOWIEH, TO MHOTOUWIEH

R(z) = agP(z) + a1 P'(z) + agP"(x) + ... + a, P™ ()
uMeeT He GOJIblIle MHUMBIX KOpHeIl (IOCUMTaHHBIX C KpaTHOCTAMMU), ueM P ().

>> 3.73. [Jokakure, uTo ecny MHOrowieH Q(x) = ag + a1 + ... + @, 2" UMeeT TONbKO JeICTBU-
TeJIbHbIE KOPHYU TO MHOTOUJIEH

ag+ —r+ —x"+...+ —x

a1
1! 2! n!

TOJKE IMEET TOJIBKO JICI/UICTBI/ITCJII)HBIC KOpHI.

[laymee MBI JOKa)kKeM, UTO BOIIPOC O KOJIMYECTBE KOPHEV MHOTOUIEHa C AeICTBUTEBHBIMY KO-
spduimeHTaMy Ha JaHHOM OTpe3Ke MO)KeT OBITh pelIéH B sBHOM Bupje. [lamuM cienyrolee
ompeneyeHue:

Onpenenenne 3.74. Ilyctb aq, as, . . . , G, — IIOCJIEIOBATEIBHOCTD NEVICTBUTENIHHBIX UNICEII, He PaB-
HBIX HyJII0. Torma Konuuecmeom nepemeH 3Haka B Heit OyieM Ha3bIBATh KOJIUUECTBO 1ap (a;, a;y1)
TaKMX, YTo a;a;1+1 < 0.

Omnpenenenmne 3.75. Ilycte a1, ag, . . ., @, — IOCII€IOBATEIBHOCTD JEVICTBUTEIBHBIX UMCEJI, HEKO-
TOpble M3 KOTOPBIX PaBHBI HyJI0. Torma Konuuecmeom nepemer 3Haka B Hell OyneM Has3bIBaTh
KOJIMUECTBO I[IepeMeH 3HaKa B II0CIIEJOBATEIbHOCTH, IOTyJaromeyics n3 (a;)! ; BbIKMAbIBAHIEM
BCEX HYJIEI.

> 3.76. [lokaKkuTe, YTO KOJMUECTBO IOJIOKUTEIBHBIX KOPHEl MHOIOYJIE€Ha He IIPEBOCXOAUT KO-
JIMYeCcTBa IepeMeH 3HaKa B IT0CJIeI0BATeIBHOCTI ero K03 puIeHTOB.

Y106l AITOPUTMIUECKY PELLINATH BOIIPOC O KOJIMUECTBE KOpHel MHOrouleHa P (1) Ha MHTepBae
(a,b), mamuM HECKOJBKO OmpefeeHnit. Byaem cunrars, uto MHOrOwIeH P () He MMeeT KpaTHBIX
KOpHeI1 1IN, paBHOCUJIBHO, B3aMIMHO IIPOCT CO CBOEI IIPOVM3BOIHOIA.

Onpenenenne 3.77. Ilocnedosamenvrocmyio [[Imypma mHorowieHa P(x) HasblBaeTcs mOCiIeNo-
BaTeJbHOCTh MHOTOWIeHOB fi(z) (k = 1,...,m), ONHO3HAUHO OIIpeeNIeMBbIX YCIOBUAMIU:

fiz) = P(z), fo(z) = P'(x)
fe2 = g1 () fro1(z) — fe(z), deg fp <degfr1 degfn, =0

[TocnepgoBarensHoCT IlITypMa cTponTes 10 TeX MOp, IIOKA B KaueCTBE IIOCJIeJHEr0 MHOrouIeHa
fm(z) He Gymer monyueHa KoHCTaHTA. JIETKO IIPOBEPUTD, UTO €CIIVI MHOTOUJIEH He MMeJ KPATHBIX
KOpHeI1, To B nocienoBareabHocTy ITypMa Kakable IBa IIOCJIeNOBATEIbHBIX Uj€HA B3alIMHO
IIPOCTHI, 9TO TapaHTUPYeT, UTO IOCIeHNII MHOTOUJIeH OyeT HeHyIeBOJl KOHCTAHTOIL.

Onpepenenne 3.78. [{nsa muorounena P(z) onpenenum ¢yskiyio S () Kak KOJMUECTBO IepeMeH
3HaKa B mocneposarensroctu Hlrypma fi(x), fo(x), ..., fm().

Teopema 3.79 (Teopema Iltypma). I[Tycmb a u b He sensiomes kopusmu P(x). Tozda konuuecmego

xopretl P(x) na unmepsane (a,b) pasno S(a) — S(b).

> 3.80. Hoxaxure teopemy llItypma, mpocienns usmeHenue S(x) mpu MPOXOKAEHUN T Uepes
KOpEeHb KaKOT0-TO U3 MHOTOWIEHOB f;(x).
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3.5. IuckperHoe puddepeHmpoBaHme. PaccMOTpuM Tenepb HEKOTOPYIO OIlepalyio, HaIlo-
MIHAIOIIYIO B34TMe IIPOM3BOIHOI MHOTOWIeHa. 9Ta olepanys IoMoraer B paboTe ¢ MHOTOUJIe-
HaMJ, IPVHIMAIOIVIMY B LIEJIbIX TOUKAX I[eJIble 3HAaUEHMI, KpOMe TOT'0 OHA MMeeT IIPIIIOKEeHNS
B IIePeUNICINTETbHOV KOMOMHATOPMKE M B PYTMX pasjelax MaTeMaTUKI.

Omnpenenenne 3.81. Onepauus A onpepesnsercs ciaeaymolei Gopmyioit:
AP(z) = P(x + 1) — P(x).

> 3.82. [okaxure, uro ecnu P(x) — MHOTOUIEH CTEIIEHN N CO CTApIINM KO3(GPUIIMEHTOM a, TO
AP(x) — MmHOTOWIEH cTeneHu . — 1 co cTapmmm KoadPUIMEHTOM Nna.

>> 3.83. [lokaxkure, uTo mis J1r000ro MHOrowreHa ()(z) Haipércs muorowieH P(x) takoit, uto
Q(z) = AP ().

> 3.84. Haitmure npenen
P42k 4+ nk

nhg& nk+l
> 3.85. Jlokaxkmure, UTO
A"P(z) =Y (=1)"*C*P(x + k).
k=0
> 3.86. Hoxaxure, urto mpu d < n
(=1)"CFEt =0
k=0

Onpenenenne 3.87. O603HaUNM

v\ zx—-1)...(r—k+1)
k)~ ] , k>0

T
0

=1.

> 3.88. Jloxkakure, 4To (5 ) — MHOTOUWJIEH cTerleH! Kk, KOTOPBII IIPUMHMUMAET I1eJIble 3HaueHMd IPI
k

LIEJIBIX T, IIPA STOM
x x
A =
k E—1
> 3.89. [okaxure, uto MHOrowIeH P(x) cTemeHy n npuHuUMaer Lejible 3HAUeHUs P LENbIX T
TOT'/la M TOJILKO TOT/a, KOTaa
n

P(m):Zak g , g, ...,a € 7.
k=0

Jlnst perteHns ciaeqyoleil 3aqauy MOJIe3HO 3aMeTUTh, uTo ecan QyHKums f(r) npuHumaer
1eJIble 3HAUEHUS B IeJIBIX TOUKax, T0 A f(z) ToKe IpMHMMAET IieJible 3HAUEHVS B IIeJIBIX TOUKAX.
Taxske MMoe3HO 3aMeTuTh, uto eciu A" f(x) = 0, To f(x) — MHOTOUNIEH cTeneHu He GoJtee n.

T 3.90. [Jokaxmure, UTO €ciu Bce 3HAUEHUS MHOrowileHa P(r) B LENbIX TOUKaxX ABJIAIOTCT k-t
CTeNEeHBIO LeJIOoro uncia, To P(x) apasercs k-1 cTeneHb0 Pyroro MHOTOUWIEHA.
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Bort eré HeckosbKO 3a7a4 B Ayxe nuddepeHupoBaHUs U MOHIDKEHNS CTeIleHN:

> 3.91. [Jokaxxmute, 4TO CyILLECTBYET BBINYKIIbIN 30-yTOJIBHUK C PaBHBIMMU YTJaMU M UIMHAMU
cropon 12,22, ..., 30? B HEKOTOPOM TIOpSIKeE.

> 3.92. Kak 0060011Th IIpeabIAyIIyI0 3aqady OJIS N-YToJbHUKA CO CTOPOHAMU 1’“, 2"3, o ,nk?
Kakue orpannueHns Hago HAJOKUTH Ha YUCIIO N B 3aBUCUMOCTHI OT k?

> 3.93. JlokaxuTe, uTo MHOKecTBO umcen 1,2, 3, ..., 2" moxkHO pas6uTh Ha 1Ba MHOKecTBa A
u B ¢ paBHBIM YICIIOM 9JIEMEHTOB TaK, UTO CYMMBI 71-X CTEIIeHe umcesl MHOXeCTB A u B paBHBI.

> 3.94. [Jokaxkmre, uto 1uisi J00oro n orpesok [0, 1] MoXKHO mpencTaBuTh B BUge 00beMHEHS
aByx MHOKeCTB A 1 B, He mmepeceKaroxcs 10 BHYTPEHHUM TOUKaM U SIBJISIOIINXCS 00be [MHEH-
AMU KOHEUHOTI'O UMcJjia OTpeSKOB TakK, UTO OJId .HIO60FO MHOTOUJIEHA f(l') CTEIIEHN 7 BBIIIOJIHIETCI:

/Af(:rr)dx:/Bf(:E)d:B.
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4. HepaBeHcTBa
B sTtom pa3nesie IIpMBENEHDBI 3adaull, CTPYIIIVMPOBAHHBIE II0 OCHOBHBIM METOJaM PEIICHUA

HEPABEHCTB.

4.1. Vicmonp3oBaHMe IPOM3BOAHBIX. Vcrosibp3oBaHME IPOU3BOHBIX B HEPaBEHCTBAX OCHOBA-
HO Ha CJIefyIollleM yIpaXHeHun (ciaenctsue TeopeMsl JlarpaHska), KOTOpoe IIO3BOJIET CBECTHU
JOKa3aTeJIbCTBO HEPAaBEHCTBA MEKAY (PYHKIMSIMMI K JOKa3aTeIbCTBY HEPAaBEHCTBA MEKy X IIPO-
V3BOTHBIMIL.

Ynpasxcrenue 4.1. J[IokasKuTe, UTO €M AJIS ABYX HEIPEPBIBHBIX Ha [a, b| n quddepeHmpyeMbIx
Ha (a, b) QyHKIUIT BHIIIOJIHSIETCS YCIOBUE

fla) =g(a), vz e (a,b) f'(z) < g'(x),
Vz € (a,b] f(z) <g(z),

1 €CJIN IIEPBOE€ HEPABEHCTBO CTPOToO€, TO I BTOPOE CTPOTOE.

> 4.2. JlIokaXuTe, YTO
In(1+2) <.

> 4.3. Yro 6oblire, €™ wiau mw¢?

> 4.4. loxaxwure, uto mpu x # y > 0

r—Y T+y
VY < < .
oy Inx —Iny 2

Ymcio nmocepeauHe Ha3bIBATCHA CPETHUM JIOTAPUPMIUECKUM UNCe T U §.
> 4.5. Jlokaxxute HepaBeHCTBO beprymmn

(1+2)* >1+ ax,
rmexr > —1, c#£Ouma > 1.

4.2. HepaBencrBa I'étbmepa m MuakoBckoro. [lanee Bce umciia CUMTAIOTCS HEOTPULIATEIbHEBI-
M1, €CJIM He CKa3aHO MHaue.

> 4.6. [loka)XnTe HepaBeHCTBO
—+ — 2 xy,
p q

roe % + % = 1. Korpma gocturaeTcs paBeHCTBO?

IToxckaska: B mpedpIayliell 3ajjaue MOKHO CUMTATh Y ITapaMeTPOM U MCCIIeIOBAaTh BhIpaXkeHIe
Ha MMHJMYM C IIOMOIIBIO IIPOU3BOTHOI.

D> 4.7 (HepaBenctBo 'énbaepa). Vcronp3ys mpeapIayiyo 3afauy, JOKa)KUTe HEPABEHCTBO

1 1
Z%‘yz'< fo P Zyzq q7 l+1:1
i=1 i=1 i=1

p q

HpI/I pP=q= 2 310 HEPABEHCTBO HA3bIBAETCA HEPABEHCTBOM KOLLII/I-BYHHKOBCKOI‘O.

HOIICK&BK&Z HEPABEHCTBO Fénbnepa OOHOpPOAHOE, B TOM CMBbICJIE, UTO IIPM YMHOYKEHNI BCEX I';
Ha OOHO M TO K€ ITOJIOKUTEJIBHOE UVICJIO OHO IIEPEXOONT B PAaBHOCUMIIBHOE, TO K€ IIPY YMHOKE€HIL

Yi-
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> 4.8 (HepaBencTBOo MuHKOBCKOrO0). [loKa)KuTe HepaBeHCTBO (Uepe3 HepaBeHCTBO ['énpaepa)

n

1 1 1
Z(%“Hﬁ)p ’7 < fo P+ ny p-
i=1 =1

i=1
HoncxasKa: 06paTI/ITe BHIIMAaHIIE, UTO OJId BCAKOTO Ha6opa HEOTpUIATEJIbHbBIX 21, . . . , Zy BBIIIOJI-
HAETCA HEPABEHCTBO

n n

1 1 1
St () () + (S (T
i=1 =1

i=1 i=1 i=1
u roabepuTe z; TaK, UTOOBI OHO IIPEBPATIIIOCH B TpeOyeMoe HepaBeHCTBO.

OnpeneneHI/Ie 4.9. Cpe()HuM CmeneHHbiM 9UmCcen L, Lo, . .., Ly CTEIIEHN S HA3BIBAECTCA BhIpAKEHIIE

1
n

1 G\

M(xq, ... 2,) = —g x| .
n ‘<
1=

> 4.10. Hoxaxnte, uronpu 0 < s <t
Mg(xy, ... 20) < My(z1, ..., x,).
[Tonckaska: mpuMeHNUTe HepaBeHCTBO [énpaepa, Mg Hayala yaoOHO pacCMOTPETH CIIyUal S =

1<t

4.3. JIMHeHOCTH U BBIMYKJIOCTh. Cienyloliee yTBepKAeHe IIPO JIMHeHbIe GyHKIN TPUBU-
aJIbHO, HO II03BOJIAET pellaTh Apyrie HeTPUBUAJIbHbIE 3a0aUlL.

Teopema 4.11. Jlunetinas ¢pyHKyus docmuzaem Ha ompe3ske [a, b] MakcuMyma u MUHUMYMA HA KOHYAX

[a, b].
> 4.12. Ilycts aq, . . ., G, — QUKCUpPOBAHHBIE NEVICTBUTEIbHBIE Uycia. Kak HaliTy MUHUMAaIbHOE
3HaueHJe BBIpaKeHNS
a1 + Ao + -+ + ATy
II0 BCEBO3MOKHBIM Habopam 1 > 1 > 25 > ... 2> 2, = 07
> 4.13. Jlokakurte HepaBEeHCTBO

n n

Z%@?% Zai anbi ;

i=1 i=1
rmea; <as <...<a,ub <by <...<b,.
KpoMme jiHemHbIX (QYHKIVI NHTEPECHBI TAK)XKe BBIITYKIIble (pyHKLIMM:
Onpepenenne 4.14. Pyukuus f () HaspIBaeTCs 8biNYKIIOU Ha OTpe3Ke [a, b], eciu
flaz+ (1= a)y) < af(x)+ (1 —a)f(y)
npu 100X T,y € [a,b] m 0 < a < 1. Eciiu HepaBeHCTBO CTPOroe, TO OHA HA3BIBAETCS CMPO20

BBINyKJIOi1. Eciu Bcerja BBIMONHSETCS 00paTHOE HEPABEHCTBO, TO f(x) Ha3bIBAETCH GOZHYMOT
(cooTBeTCTBEHHO, CMPO20 602HYMOTL).

> 4.15 (Hepapencrso Wencena). [Jokaxure, uto ecnu f(x) BbIMyKia Ha oTpeske [a, b], To mpu
JHOOBIX T'1, Lo, - .., Ty € [a, ]

1 [ 1 [
/ - 21:% <E ;f(xi)

Iist ctporo BeIyKiI0i f(2) paBEHCTBO SOCTYIAETCS JIMILb IIPY PABEHCTBE BCEX ;.
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> 4.16. Joxaxure, uro ecnut mst pyskym f : [a, b] — R npm mobsix z,y € [a, b]

7)< S U@ + 1),

TO MPU JOOBIX L1, T, . .., Ty € |a, b]
1 [ 1 [
f o 21:% <E lef(%)
Eciu, xpome toro, f(z) HenpepbIBHA, TO OHA BBIITYKJIA.

T 4.17. Tlpusemute npumep byukuuu f : R — R, nas koTopoit BepHO HepaBeHCTBO MeHceHa, HO
KOTopas He SIBJISIeTCS BBIITYKJIOIL.

> 4.18. lokaxure, uto ecnn y f (), HenpepbiBHOI Ha [, b], ecTs Bropas npoussonHas Ha (a, b) u
"
f(x) 20, =€ (ab),
10 f(x) BRINYKJIA Ha [, b]. Ecu
1
f"(z) >0, x€(a,b),
10 f(x) cTporo BeiyKIia Ha [a, b).
[penpiayiye 3agauy ABIAOTCI OCHOBHBIMU yTBEPKAEHSMI, KOTOPbIE [T03BOJISIOT HOKA3bI-
BATh HEPABEHCTBA C TIOMOILBIO BBIITYKJIOCTIA.
> 4.19. C IIOMOIIBIO BBIYKJIOCTY HEKOTOPOI (PyHKIIMY JOKAKITE HEPABEHCTBO MEXK/Y CPEIHIM
rapMOHUYECKNM U apUPMeTUUECKIM:

n <JI1+$2+...+ZI}”.

1 1 I = n
— =+ —
I T2 Tp

> 4.20. C moMOIIbI0 BOTHYTOCTY PyHKIMM N 2 OKaXUTe HEpaBEHCTBO MEXAY CpeTHUM IreOMeT-
pUUecKNM U apupMeTUUeCKIM

T+ X2+ ...+,
V1T ... Ty < .

n
> 4.21. Pemnte 3amaqy 4.10 ¢ IOMOIIBIO BBITYKJIOCTIL.

D> 4.22. JlokaKuTe HepaBeHCTBO NI T1, T2, ..., Ty = 1

n

1 n
>
Zl—i—xi 1+ o/xi25.. . 2,

i=1

> 4.23. ITonoxxmrenpHas Ha oTpe3Ke (QYHKIUSA Ha3bIBACTCS JI02APUPMUUECKU 6bINYKITOU, eCIIN e€
JorapuM SBISeTCA BBITYKION QYHKIVIEI, TO eCTh

1_
flax+ (1 —a)y) < f(z)*- fly) @
npu JT100bIX 7,y Ha oTpeske n 0 < « < 1. [lokaknTe, YTO CyMMa JIOTapM(PMITIECKI BBIITYKJIIbIX
byHKUMIT ABIsIeTCs TorapuMUUecKy BbITYKIIOI.

3aMeTuM Teleps eIlé OJHO CBOVICTBO BBIITYKJIBIX (PYHKLMI, aHAJIOTMUYHOE CBOMICTBY JIMHEITHOI
byHKIMN:

Teopema 4.24. Buvinyknas Ha ompeske |a,b| gynkyus docmueaem Makcumyma HaA OOHOM U3 €20
KOHY08, a 60eHymas docmueaem MUHUMYMA HA 00HOM U3 KOHY0E OMpPe3Ka.

> 4.25. JlokakuTe 3TO yTBEPKIAECHHE.

> 4.26. JlokakuTe, 4TO IJIA L1, . . ., Ty € [a,b] (a,b > ) BBIIOTHEHO HEPABEHCTBO
1 1 1 a+b)?
@1+xy+”.+xw<——+——+.”+——>SE———Ln?
T1 X T, 4ab



3AJAYN VI IIKOJIBHOI'O MATEMATHUYECKOI'O KPY/KKA 29

4.4. Ma>xopupoBaHIe M COOTBETCTBYIOII[JI€ HEPAaBEHCTBA.

Omnpenenenne 4.27. Ilycte ecTh ABe HeBO3pacTaIOIIVe ITOCIENOBATEIbHOCTY NEICTBUTEIbHBIX

umcen: X = (21, %9, ...,Tn) UY = (Y1,Y2, - - -, Yn), ¥ KOTOPBIX
L1 +Tot+ ...+ Ty =Y1 +Y2+ ...+ Yn
BymeM roBopuTh, UTO y MaKOpUPYyeT X U MUCaTh X <y, ecau s Bcex k = 1,...,n — 1 umeem:

k
Zﬂck < Zyi-
i=1

= 1=

—_

3ameuanue 4.28. OTHOLIeHNe < ABJIAETCA OTHOLIEHNMEM YAaCTMYHOTO IOPAAKA, TO €CTh OHO yHO-
BJIETBOPSET CIERYIOLINM yCIOBIIAM:

(1) ecmmxxyny<x, 10X =Yy;

(2 ecmxxyny<=zrm0X=< 2z

BooO6iite roBopsi, He KasKble ABe I10CIe0BATEIBHOCTY CPABHIMBI TAKIM 00pa3oM.

Onpepenenne 4.29. Cummerpuueckas Gyukums f(xq, Zo, . .., T,) (3HaUEHME KOTOPOIT HE MEHS-
eTCs TP NIePeCTAaHOBKE ;) Ha3bIBAETCA S-6blNYKI0U WIN 6binyKIot no [Ilypy, eciu

xSy = f(x) < f(y)

AHaJOrMYHO MO’KHO BBECTU IIOHITIIE CTporo S-BBIHYKJIOI‘/'I (bYHKLII/II/I

JlokasaTesbCTBO S-BBITYKIOCTY HEKOTOPOI QPyHKIMY CBOAUTCS K IIPOBEpKe HEKOTOPOT'O CBO-
CTBa ee IIPOM3BOJHBIX.

Omnpenenenne 4.30. [l HeBO3pACTAIOIIE TIOCNIEIOBATEIHOCTU X OMPE/IENIMM OTIePaIuio tf;(X)
( < j, a > 0) cnemyroimm 06pasom:
I 4a
x =ty (x)
ecin
’r_ ;o r .

T, =x—a, T;=zj+a, xp=x; npu kFi,j
U TIOCJIEIOBATENBHOCTD X' He Bo3dpacraer. Eciu aTa mocieqoBateIbHOCTh He SIBJISETCS HEBO3PAC-
TAIOLLIEI, TO OTIEpaLMsl He OIIpefielieHa.

> 4.31. Jloka)Xure, UTO
ti(x) < x.
> 4.32. JIokaskute, UTO €ClIM X < Yy, TO X MOKET OBbITh IOJIy4€eHa 13 y C IOMOIIBIO IIOCJIETOBA-
TEJIbHOTO IIPUMEHEHNs Ollepalnii 7, Ipy pasHbIX i, J 1 d.
Teopema 4.33. Ecnu cummempuueckas gynkyus f (1, Ta, . .., x,) yoosmemseopsem Ycroguio
0 0 )
=)\ =—f—=—f) =20, Vij
( ? ]) <8$1f al'jf = v Js

mo oHa S-evinykna. Ecnu ona ydosmemeopsem momy xe YCIo6U0 cO CMpocum HepageHcmeom npu
T; # Xj, MO OHA cMPoeo S-6bINYKIA.

T 4.34. [lokakute 3Ty TEOpeMy.

> 4.35 (HepaBencrBo Mropxena). [Jokakure, YTO MPU JIFOOBIX ITOJOKUTENBHBIX (1, A2, . . ., 0y
byHKIIA
_ T T2 Tn
flzy, ... x,) = E Uo1) o (2) - - - Qo)
O'ESn
S-peinykia. IIpu aToMm, ety He Bce a; paBHBI MeKIy CO0O0IL, TO OHA CTPOTO S-BBIMYKJIA.
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> 4.36. JlokaxuTe, UTO dJI€MEHTapHbIE CUMMeTpuUecKue QyHKIUNL 01 = y . X;, O =
.oy Op = T1%3 . . . Tp SIBISIIOTCS S-BOTHYTHIMIL

i<j Tiljs

> 4.37. okaxure, uro ecnn f(x) — BbITyKIass QYyHKIUS OJHOI IEPEMEHHOI, TO QYHKLMA N
nepemeHHbIx f(x1) + f(x2) + ...+ f(z,) S-BpmyKIa.

D> 4.38. [loka)kuTe HEpaBEHCTBO IJIsI CTOPOH TPEYToJIbHUKA @, b, ¢

Vat+b—c+vVbtcec—a+Vet+ta—b<Va+Vbh+/e

> 4.39. lokaxure, uto ecau abec = 1, To

1 1 1
T YARRUE YA D
b c a

> 4.40. Ilycts f(x) — BBINYKJIasd QYHKUUSA U 41 = Qg = ... = Ag,—1 = 0. [Jokaxure, uto
flar) — flaz) + flag) — ...+ flagn—1) = flar —ag +az — ... + agp_1).
> 4.41. Ilyctb ay 2 a9 = ... = a, = 0. [Jlokaxnre, 4To
a1 + ag ' as + as ‘m'an+a1 < a; + as + asg ‘ a2+a3+a4'm'an—|—a1+a2‘
2 2 2 3 3 3
> 442. Ilyctb a; = as = ... 2 a, = 0. [Jlokaxure, 4To

a;+a as + a a, +a a;+as+a as + as + a a, +a1 +a
\/122+\/223+”.+\/n21<\/1 32 3+\/2 33 4_'_____’_/%.

4.5. Ouenku cymMm. [lepeifnéM K HepaBeHCTBaM, B KOTOPBIX GUIypupyroT cymmsl Buga y o, f(k),
rae f(x) — HekoTOpas QpyHKIUS.

Teopema 4.43. Ecnu ¢ynkyus f(x) ybvieaem npu deiicmeumenvhvix © € [1;n], mo umerom mecmo
HepageHcmea

S iz [ s

n

> < [ fwi.

k=2

> 4.44. JlokaxuTe 3Ty TeopeMy.

> 4.45. C moMOIIbI0 TeOpeMBI 4.43 OILleHNUTE CBEPXY U CHU3Y CYMMY

1 1
T4 —
V2 Vn

D> 4.46. C moMOIIbIO TeOpeMBI 4.43 OILleHUTE CBEPXY U CHU3Y CyMMY

1 1
I+ -+ .+
2 n
D> 4.47. [lokaXuTe HepaBEeHCTBO
1 3 2n —1 - 1
2 4 2n Von+1
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4.6. PasHbIe 3agaun.
> 4.48. JlokakuTe HepaBEHCTBO
x z
+ J +
y+z xT+z T4y

3
> —.
2
> 4.49. JIokakuTe HEPABEHCTBO A L1, . . ., T, € [0; 1]
(I4+z1 4. 4+ x) =42 + a5 +... +22).
D> 4.50. [lokaKuTe HepaBeHCTBO
a® +b* + ¢ + 3abe = ab(a + b) + be(b + ¢) + ac(a + ¢).

> 4.51. JlokakuTe HepaBEeHCTBO

a’ b3 A
= = b .

P11 Pibeid  Prata’ 3(a—|— +o)

> 4.52. [JoKaKuTe HepaBeHCTBO st a, b, ¢ € [0; 1]

—_

a n b N c
1+b+c¢c 1+a+c 1+a+bd
> 4.53. [JoKasKuTe HEPaBEHCTBO IS L1, L2, . . ., Ly € [0; 2]

Z |z — x| < n®

1<i,5<n

+(1—a)(1—-0)(1—-¢) <1

D> 4.54. [lokaX1Te HepaBEHCTBO

i;/abc—i—abd—i—acd—i—bcal < \/ab—l—ac+ad+bc+bd+cd

~
4 6
> 4.55. ChopMyupyiiTe aHAJIOT MPeIbIAYIIEero HePABEHCTBA AJIs IIPOU3BOJILHO Maphl 3JIeMeH-
TapHBIX CUMMETPUUECKUX QYHKUMIL 0k (X1, ..., T,) U 0y(x1,...,2,) U DOKaKUTE ero. Bocmons-

BYﬂTeCB TeOpCMOﬁ Buera u B3gaTueMm HpOI/ISBOIIHOf;I MHOTI'OUJIEHA.

> 4.56. IlycTh Bce KOpHU MHOTOWIIEHA C, " + - - -+ €1 + ¢y BELeCTBEHHBL, 0603HAUUM by, = ¢}, / (Z)
st k=0, ..., n. Jokaxute, 4T0
2
b = bp—1bp41.

Kak cBecTu 3T0 yTBEp)KOeHNE K CIIyUaro KBaAPaTHOIO TpExXuieHa?

T 4.57. [lokaKnTe HEPABEHCTBO

n n
E Hap...ap < e E ag,
k=1 k=1

rape € — OCHOBAaHIIE€ HATYPAJIbHBIX .T[OI‘apI/I(bMOB.
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5. T'pader 1 KOHEeUHBbIE MHOKECTBa

5.1. OnpenesieHNs U IIPOCTENIINE CBOIICTBA.

Omnpepnenenne 5.1. ['pagom HazpIBaeTcst Habop BepiuH V/, Habop pébep F 1 cOOTBETCTBIE, KOTO-
poe Kask1oMy peOpy CTaBUT B COOTBETCTBIIE [{BE BEPILIHBI, KOTOPbIE MbI OyIeM Ha3bIBaTh KOHYAMU
pebpa. Bepiunsl, coenmHéHHbIe peOpOM, Ha3bIBAIOTCI cMexHbiMuU. ['pad Ha3bIBaeTCs IPOCTHIM,
ecyu HeT pébep ¢ ABYMsI KOHIIAMU B OJJHOI M TOTI JKe BepIIIHe U Ka)K/ble [ABe BePIIHbI COe U HEHbI
He 0oJiee ueM OJJHUM peOpoM.

B manpHeiiieM, eciiy He OTOBOPEHO IIPOTUBHOE, Ipadbl OyAYT CUMTATHCS IIPOCTHIMI.

Omnpenenenne 5.2. OpueHmuposanHvimM epagdom HasbIBaeTcs Habop BepinH V', HaGop pébep F u
COOTBETCTBIE, KOTOpOe K&KIOMY peOpy CTaBUT B COOTBETCTBYIE JBE BEPILIMHBL, KOTOPBIE MbI OyaeM
Ha3bIBaTh HAUAJIO U KOHey, pebpa.

Omnpepenenne 5.3. I'padp G, = (V1, E;) HaseiBaercst nodepagom rpada Gy = (Va, Es), ecin MHO-
KECTBO BEPIUVH V| IBIIAETCS IIOAMHOXeCTBOM V3, MHOXeCTBO pébep F IBIIS€TCS IIOAMHOXKECTBOM
FE5 u cooTBeTCTBUS MEXIY PEOpAMU U BEPIIVIHAMY COTJIACOBAHBI.

Omnpepenenne 5.4. [lns rpadpa G = (V, E') u Henycroro mogmuoxectBa W C V' mMoxHO paccmor-
pers rpad G[W] Ha Beprumnax W, pébpamm xotoporo siBisiorcs Te pebpa (G, Hauamo m KOHeI|
KoTopbIx sexat B W. Takoii rpad HaspIBaeTcs UHOYYUPoSaHHbIM nodepagom Ha MHOKecTBe V.

Onpenenenue 5.5. [Iymém B (OpueHTUPOBAaHHOM) rpade Ha3bIBaeTCs I1OCIEN0BATEIBHOCTD Bep-
IIIVH, COCeTHIIE 3JIeMeHThI KOTOPOII coeAMHeHb! pébpaMu (B ciIydyae OpMeHTHPOBAHHOTO rpada —
pEéOpaMy COOTBETCTBYIOII[ETO HAlpaBiaeHus). [[ukiom Ha3pIBaeTCs IMyTh, B KOTOPOM KOHEIl COeu-
HEH ¢ HagastoM. [{MKJI My My T Ha3bIBAIOTCS NPOCMbIMU, €CIIVL OHU He COepsKaT ITOBTOPSIOIIIXCS
BEpILH.

Omnpenenenne 5.6. ByneM roBoputh, UTO M3 BEPIINHBI ¢ MOKHO IIPOJITU B BepIIMHY b, ecam
CYILLIeCTBYeT IIyTh C HAYAJIOM B ¢ ¥ KOHLIOM B b.

Onpenenenne 5.7. I'pad (opueHTMpOBaHHBIN Ipad) HA3BIBAETCS CEA3HBIM, €CIIV U3 KaXKIOM Bep-
IITHBI MOYKHO IIPOJTU B JIIOOYIO APYTYIO.

OueBMIHO, UTO OTHOIIECHNE U3 ¢ MO>KHO IIPOJITH B b» TPAaH3UTUBHO, TO €CTh €CJIM 13 @ MOXHO
HmpoiTH B b 11 3 b MOXHO IIPOJITH B ¢, TO U3 @ MOKHO IIPOJITH B C.

Ynpaxcuenue 5.8. [Jokakute, YTO MHOKeCTBO BeplInH rpada V' MoXHO pa3buTh Ha MHOXKECTBA
Vi, Vo, ..., Vi Tak, 4TO M3 OGHOI BEPIINHBI MOKHO IIPOVITY B IPYTYIO TOTA ¥ TOJIPKO TOTa, KOrAa
OHI IPMHAIJIEKAT OMHOMY U ToMy ke V;. B arom ciyuae rpadsr G[V;| sBustorcst cBISHBIMU U
Ha3bIBAIOTCS KOMNOHeHmamu cés3Hocmu rpada G.

Omnpepenenne 5.9. I'pad Ha N BeplIMHAX, y KOTOPOTO BCe IApbl BEPIINH COEAVHEHBI peOpoM,
Ha3BIBAETCA NOTHbIM M 0003HadaeTcs K.

Omnpepenenne 5.10. 'pap G = (V, E) HassiBaercs 06)00IbHbIM, €CIM MHOKECTBO BepIUMH V'
pacmanmaeTcss Ha qBa MHOKecTBa (mosn) A n B Tak, 4To Bce péObpa COeAMHSIOT BEpPIINHBI 13 ABYX
pasHbIX goseit. [[ByRoibHBIN Ipad, B KOTOPOM BCe BEPILIMHBI A COeAMHEHbI CO BCEMY BEPIITHAMM

B uasbiBaeTcs noiHbim 068Y00bHbiM 2pagiom, eciu |A| = m u | B| = [, To Takoit rpad o6o3Hauaercs
K.

HManee neymonsusiit rpad G = (V, E) ¢ gonsamu V = AU B 6ynem o6o3nauars G = (AU B, E).
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5.2. [lepeBbs.
Onpenenenne 5.11. Cas3HbliT rpad 6e3 IMKIOB Ha3bIBACTCS 0€PEGOM.

D> 5.12. [loKaKuTe, UTO Y BCAKOIO CBI3HOTO rpada CyIecTByeT IoArpad, ABISIOLIIACA JepeBOM
Ha TeX jKe BepIlMHaX. Takoe qepeBo Ha3bIBACTCSA OCIMOGHbIM 0epegoM.

> 5.13. [Joxakmre, UTO y Ka)KHOrO AepeBa ¢ Oojiee ueM OMHON BEpIIVHOI €CTh BEpIINHA, CO-
eIMHEHHAs TOJIBKO C OAHOI BeplluMHOI. Takasd BeplInHa Ha3bIBaeTcsa sucAuetl. [lokakure, UTo Ha
caMoM [eJie BUCSUMX BEPIINH y JepeBa ¢ 60Jee ueM OHOV BEPIINHON He MeHee ABYX.

> 5.14. Tokaxure, uto B cBsisHoM rpade G = (V| F) Haitnérca BepLIMHA U Takas, uTo rpad

GV \ {v}] cBsasen.

>> 5.15. Joxaxure, uto eciu B cBasHoM rpade G = (V) F) Her BUCAUMX BEPIUNH, TO HAAETCI
napa CMeXXHbIX BepluMH a u b takue, uto rpad G[V \ {a, b}] cBszen.

5.3. CTemeHU BepIINH M CYET B rpadax.
Onpenenenne 5.16. KonmuecTso sJieMeHTOB B KOHEUHOM MHOKecTBe X o6o3Haunm | X |.
> 5.17. [loxaxkure, uto B jr060oM fepese |E| = |V| — 1, a B m060om cesasaoMm rpade |E| > |V] — 1.

Omnpenenenne 5.18. CreneHpIo BepIINHBI ¥ Ipada Ha3bIBAETCA KOJIMUECTBO pEOep, BBIXOAAIINX
U3 3TOII BepIIMHEBL Bynem o6o3Hauars creneHs deg v.

> 5.19. Hoxaxure popmyny mist rpada G = (V, E)

2-|E| = Zdegv.
veV
> 5.20. [JoKa)K1UTe, YTO KOJIMUECTBO BEPIIIVH HEUETHOI CTelleHN B JTr000M rpade (1 make B 100011
KOMIIOHEHTE CBSI3HOCTM) YETHO.

D> 5.21. Jloxa)kure, 4YTO KOJIMUECTBO TPEYTOIBHUKOB (TO €CTh TPOEK BEpILVH, IIOIIAPHO COeMHEH-

HbIX péGpamu) B rpace me Goree 1/3% .\, CF. .-
> 5.22. Ilycts k > 0 — pevicTBuTeIbHOE umcio. [[OKakuTe, UTO €CaM B ABYHOJIBHOM rpade
G = (AU B, E) pnsa mo6oii Bepuunabt b € B degb > 0 u quist M00bIX ABYX COEUHEHHBIX BEPLINH

a€ Abe Bdegb > kdega, o |A| > k|B).

5.4. O6xoxpI rpacdoB IO BepUIMHAM U PEOpaMm.

Omnpepnenenne 5.23. O0x00 epaga no eepwuHam — 3TO IIyTh, COAEPIKAILMIT BCe BEPILUMHBI I10
OHOMY pasy, 00x00 epaga no pébpam — 3TO IyTh, COREpIKAIIMUIT Bce péOpa IO OTHOMY pasy.
3aMKHYTBIN 00XOJ II0 BepILIITHAM Ha3bIBACTCH 2AMUTbIMOHOEbIM YUKITOM.

D> 5.24. [lokaxxure, uTo 00Xox CBSI3HOro rpada Io pé6paM CYILLECTBYET TOTAA M TOJIBKO TOTAA,
Korpa B rpade Jmb0 HU OHO, 100 JBe BepIUMHBI IMEIOT HEUETHYIO CTEIIeHb.

D> 5.25. JlokaskmTe, UTO CBSI3HBIII OpPMEHTUPOBAHHBIN Ipad MOIYCKaeT 3aMKHYTBIII 0OXOX IO
péOpaM TOorja M TOJBKO TOTAA, KOTAA B Ka)XXIOJ BepIIVHEe KOJMUECTBO BXOASIIVIX VM BBIXOIAIIUX
pébep paBHBL

>> 5.26. [Jokakure, uTo 13 OyKB asipaBUTa A1, A2, . . . , A} MOKHO COCTABUTD CTPOKY AIMHBI k" +n—1
TaK, YTO B ITOV CTPOKe BCTPeTUTCA (KaK OTPe30K) Jr000e CIOBO JJIMHBI 11 3 JAHHOTO ajldaBuTa.

D> 5.27. JJokaxkure, 4TO eciu B rpade Ha n > 3 BeplIMHAX CTEIIeHb KaKIOJ BePIINHBI He MeHee
n/2, T0 B HEM CYILECTBY€eT FaMIIBTOHOB I[VIKJL.

D> 5.28. JJokaskmTe, UTO ecyIy B Trpade Ha 1 > 3 BepILIMHAX CyMMa CTeIIeHelT JIF00O0II ITapbl HeCMesK-
HBIX BEPIIVH He MEHeEE 1, TO B HEM CyII[eCTByeT raMIIbTOHOB IIMKJI.

D> 5.29. JIoKaK1Te, UTO €CJIM B CBI3HOM OpPMEHTMPOBAHHOM rpade KaKaple qBe BEepIIVHBI COeTVI-
HEeHBI peOpOM B HEKOTOPOM HaIlpaBJIE€HNI, TO B 3TOM rpade CyIiecTByeT raMIJIbTOHOB LIVIKJL.
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5.5. Packpacku rpacgos.

Onpepenenne 5.30. ComocTaBiieHMe KaKAoJl BeplInHe rpada HEKOTOPOrO IIBeTa HasbIBAeTCS
sepuiuHHOU packpackoii rpada. ComocraBiieHne KaKIOMy peOpy rpada LiBeTa HasbIBaeTCI pébep-
HOU packpackoi rpada. BeplinHHasg pacKpacka HasbIBAeTCS NPAGUTIbHOU, €CIVM KOHI[bI KaXKIOTO
pebpa oKpallleHsI B pa3Hble I[BeTa, péoepHas pacKpacka Ha3bIBaeTCs NPAGUTIbHOU, eCIIV U3 KasK Ol
BepIUVHBI BHIXOAAT peOpa IOIapHO pas3INMUHbIX I[BETOB.

3amernm, uto rpad ABYTOJBHBIN TOTAA M TOJIBKO TOTHA, KOTAA OH JOIyCKaeT IIPaBMJIBHYIO
pacKpacky B ABa LIBeTa.

> 5.31. JJoxaxuTe, UTO BCSIKOE ePeBO SIBJSETCS ABYIOJBHBIM IpadoM.

> 5.32. Joxaxwure, rpad sBIseTCs ABYIOJIBHBIM TOTHA M TOJIBKO TOT[A, KOTHA BCE €r0 LIUKIIBI
MMeIOT YETHYIO JUINHY.

Onpepenenne 5.33. Xpomaruueckum unciom rpada G (o6osunauaercs x((G)) HaspIBaeTC MUHU-
MaJIbHOE KOJIMUECTBO 1IBETOB, HEOOXOMVIMBIX [JIS IIPABMIJIBHON BEPILINHHON pacKpacku rpada.

Ynpasxcrenue 5.34. [loxkaxxurte, uto ecnu B rpade GG ecTh LMK HEUETHOI AIUHBL, 1O Y (G) > 3.

> 5.35. [lokaxnure, uto ecau B rpade (G qr00ble ABA LMKJIA HEUETHON IIMHBI MMEIOT OOIIYyIO
BepiuHy, 10 X (G) < 5.

> 5.36. [okaxnre, uto ecau B rpade (G qr00ble ABA LMKJIA HEUETHON IJIMHBI MMEIOT OOIIYyIO
BEpPLUNHY U HeT UMKIOB mymHbl 3, 10 Y (G) < 4.

D> 5.37. JlokaskuTe, UTO €CJIM CTEIleHb KayKHoil Beprunusl rpada G He Goxnee d, o X (G) < d + 1.

d(d + 1)
2

>> 5.38. [lokaxkure, uto ecnu B rpadpe G MeHee pébep, To x(G) < d.

> 5.39. JlokaKuTe, 4TO €CIM B OpMEHTHpOBaHHOM rpade (G 13 KaXIOJ BepIUNMHBI BBIXOAUT He
6osee k pédep, To x(G) < 2k + 1.

D> 5.40. [loka)KnTe, UTO €CJIV B OPMEHTUPOBAHHOM rpade 13 KaK0J1 BepILINHBI BEIXOAUT He Oojiee
IBYX pé€bep, TO ero BepIIMHBI MO>KHO pacKpacuthb B 1014 11BeTOB Tak, UTO I JIIOOBIX JBYX IIBETOB
A u B B rpade He HaiiéTcsa ofHOBpeMeHHO pédep ¢ 1isetamu AB u BA.

T 5.41. JIoKa)KuTe, UTO €CJIM CTENIEHb KAKI011 BepImuHbl rpada G He Goiee d, u rpad He COTEPKUT
nmoarpados Ky 1, 1o X (G) < d.

>> 5.42. IlpuBenure mpumep wiockoro rpada, mis koroporo x (G) = 4.

> 5.43. JIokaKuTe, UTO OJIS IIJIOCKOTO (KOTopmﬂ MO>KHO HapMCOBATh Ha IIJIOCKOCTU 0es3 mnepeceue-
Huit pébep) rpada G x(G) < 6. Ucnonbsyiite popmyiy Jitepa 6.8.

D> 5.44. [lokaxkure, uto mius mwiockoro rpada G x(G) < 5.

Omnpepenenne 5.45. [TogmuoxectBo W mHoxectBa BepuinH rpadpa G = (V, E) HasbiBaercs
domuHupyrowum, ecu Besikas BepiuyHa u3 V' \ W coenunena ¢ Hekoropoit BepuunHoit W.

> 5.46. [Iycts B rpade G = (V, E) crenenb Kakqoit BepIIMHBI He MeHee | 11 HeT BEPILUNH CTEIeHI
|V| — 1. Ooxaxkure, uTo ecnu B JTH0O0OM SOMUHUPYIOLIEM MHOXKecTBe (G He MeHee 1 BEpPIUUH, TO

xX(G) < V] —n.

D> 5.47. Pé6pa rpada GG packpaliieHbI B k IIBETOB TaK, UTO JIFOObIE ABa peOpa OJHOTO IIBETa MMEIOT
obryro BeprnHy. [Jokaxnre, uto X (G) < k + 2.
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5.6. Teopembl Tumna Pamces.

> 5.48. [Jokaxure, uTo eciy pébpa K¢ moKpaliieHbl B 1Ba I[BETA, TO B HEM HAIAETCS OHOI[BETHBII
TpeyTOJII)HI/IK.

> 5.49. [Jokaxure, uto ecan pébpa K IMOKpallleHbI B ABa I(BeTa, TO B HEM HAIIyTCs ABa OHO-
IIBETHBIX TPQYI‘OJII)HI/IKa.

> 5.50. Jokakure, 4YTO eCJIN pé6pa K, packpalireHsI B qBa I[BeTa, TO B HEM HaETCSI He MeHee ¢,
OOHOLIBETHBIX TpeYI‘O.TII)HI/H(OB, rae
k(k —1)(k — 2) k(2k + 1)(k — 2)

t = y pu—
2k 3 2k+1 6

> 5.51. OnpenesnnTe, IIpyu KaKUX 72 B HEPABEHCTBAX U3 IIPeAbIAYIIel 3a1aull MOKeT BBIIIOTHITHCS
PaBEeHCTBO.

D> 5.52. lokaxure, 4To ecny pébpa Ky IMOKpaIlleHbl B CUHMII M KPACHBIIL IBeTa, TO J1UO0 B HEM
HAVIETCA CUHUIT TPEeyTOJIbHUK, TM00 KpacHbI noarpad suaa /{y.

D> 5.53. JloKaskmTe, UTO [JIS BCAKOTO HATYpPAIbHOrO 1 Haipércsa Harypanbuoe N = N(n) taxoe,
YTO OJIS BCIKOI pé6epH0171 packpacku Ky B ABa I[BeTa HAMAETCSA OJHOLIBETHBIN nonrpa(b Bupa iK,,.
Hanumnre pyukumio N (n) B sBHOM Buie, Tak 4To0b! mosyuniock N (n) < 4™.

D> 5.54. [loKaKMTe, UTO AJI BCAKOTO HATYPAIBHOTO 1 ¥ HATyPAJIBHOIO Ak HAMAETCI HATypaJIbHOE
N = N(n, k) rakoe, uTo 151 BcsiKOit péGepHOit packpacku Ky B k LIBETOB HAMIAETCS OXHOLIBETHBII
noarpad suma K.

> 5.55. Jlokakmure, B IIOCJIeOBATEIbHOCTH M3 n®>+1 Pa3INYHBIX YMCeJl HalOETCI MOHOTOHHAS
IOIIOCJIEOBATEIBHOCTD U3 1 + 1-TO 3yIeMeHTa.

I> 5.56. [JoKa)XuTe, 4TO B OpMEHTUPOBAaHHOM rpade 6e3 IUKI0B Ha n°+ 1 BepimHax 160 HaiixyTcs
n + 1 BepILUNMH, TAKMX YTO HM U3 KaKOV M3 HUX HENb3s IPONTH B APYTYI0, 1MO0 HaitmyTea n + 1
BEpIINH, TAKNX UTO CYLIECTBYET IIyTh, IPOXOAAIINIL Uepe3 BCe 3T BEpPLUMHBI.

> 5.57. Ilycte & > ¢ > 0 u pébpa rpada Koyiir—1 pacKpallleHbl B KPAaCHBIN ¥V CUHWII I{BET.
Hokakute, yTO B HEM JIMOO HAMAYTCI Kk MOMApPHO HellepeceKaroIlnxcsa KpacHbIX pébep, mnbo ¢
IIOTIAPHO HellepeceKaromuxcs cuHux. Jokaxure, uto umcio 2k + ¢ — 1 B 37011 3aaue Helb3s
YMEHBIIUTE.

> 5.58. lokaxkmure, uto nis Beskoro o > 0 u k € N nasigércsa rakoe N = N(k, o), uto BO BcIkoM
rpade ¢ N Bepmmnamu n He MeHee (% péépamu Haitéres noarpad supa Ky .

T 5.59 (Teopema Ban-nep-Bapnena). Jokaxkute, st T00bIX HATYPaIbHBIX k U 1 HAAETCSA TaKoe
N = N(k,n), uro mpu 110601 pacKpacke HaTypaJbHbIX umces or 1 1o N B k 11BeTOB cpeu HuX
HAIETCSA OHOL[BETHASI apuMeTIUUeCcKast IIPOTPECCUst JIIVHBI 7.

5.7. CucreMbl KOHEUHBIX MHO>KECTB.

> 5.60 (Teopema Xemnntu fist KOHEUHBIX MHOXeCTB). IycTh JaHO ceMeificTBO KOHEUHBIX MHOYKECTB,
B K&KIOM 13 KOTOPBIX He Goiree d 95eMeHTOB. [JoKakUTe, YTO 3T MHOKECTBA MMEIOT OOIIIMIT
3JIEMEHT, eCJI KaxkKable d + 1 mIm MeHee U3 HIX MMEIOT OOILIT 3JIeMEeHT.

> 5.61 (CupHas Teopema Xeyn A1 KOHEUHBIX MHOXeCTB). [IycTh HaHO ceMelicTBO KOHEUHBIX
MHO>KeCTB J, B K&KJIOM 13 KOTOPBIX He Oosee d ameMeHTOB. [loKaKUTe, YTO HAMIAETCI ITOICeMelt-
crBo G C F us He Gonee d + 1 MmHOKecTBa, Takoe uto (|G = () F' (T0 ecTh mepeceueHMst ceMeiCTB
coBmazawot). [Jokaxure, uTo ecnn nepeceuenue [ | F' He mycTo, To MOKHO 000iiTICch G U3 He Goee
d 2JIeMEHTOB.



36 P.H. KAPACEB

D> 5.62. [laHO ceMelicTBO KOHEUHBIX MHOKECTB J, MPpUYEM Kak10e MHO)KeCTBO CeMeICTBa COCTOUT
u3 2n sneMeHTOB. M3BecTHO, uTO i Beakoro mopcemeiictea G C F ecmu || JG| < (n + 1)2
(umeercs B BUIy pasmep o0benuHeHns cemerictsa), 1o [ |G # (). lokaxure, uro [ F # (.

> 5.63 (LIBeTHas Teopema Xesau Iy KOHEUHBIX MHOXKecCTB). Ilycts F1, Fa, . . ., Fyi1 — ceMelicTBa
KOHEUHBIX MHOKeCTB U 1yis1 Jiroboro X € Fi U FoU--- U Fypq | X| < d. Iycrs Takske [iist BCIKOTO
Habopa X; € Fi, Xo € Fo,..., Xgi1 € Fgiq mepeceuenne X, N Xo N --- N Xy He mycro.
JToKasKumTe, UTO [JIT HEKOTOPOTO i IepeceueHre BCeX MHOKECTB CeMeicTBa J; HEIycCTo.

> 5.64. B MHOXeCTBe 13 7 3JIEMEHTOB PaCCMATPUBAETCA CEMENICTBO PA3JIMYHbBIX HEITYCTBIX IO~
MHOeCTB JF Takoe, uto mjs mobbix apyx U,V € F mu6o U NV =0, mu6o U O V, mu6o U C V.
Hoxkaxure, uro |F| < 2n — 1.

> 5.65 (Teopema Illmepuepa). B MHOXecTBe U3 1 9JIEMEHTOB pacCMATPUBAETCS CEMEVICTBO ITON-
MHOXeCTB J Takoe, uto s ao6bix asyx U,V € F sommonusercas U € V uV € U. Joxkaxure,

uro | F| < ci,

> 5.66 (O60611éHHas Teopema IlIneprepa). B ycmoBusix mpenbiaylieit 3agaum MIycThb Ty — KOJIN-
YecTBO MHO)XeCTB B J, pasMep KOTOPHIX paBeH k. [lokakuTe, 4TO

Zo T Tk T

o L

ey Gy C cr =
> 5.67. [JaHO ceMeiicTBO KOHEUHbIX MHOXeCTB J, | F| = m, nna mwoboro U € F |U| = k u pna
061X nByx pasnmuuueix U,V € F |U NV| = 1. [lokaxure, uto eciau m > k> — k + 1, To Bce

MHOeCTBa J MMeIoT o01mii a1eMeHT. [loKaKuTe, uTo eciy k — 1 mpocToe, TO HaAETCSI CEMETICTBO
n3 k?> — k + 1 MHOKecTB, YIOBJIETBOPSIOIINX YCIOBUIO 3aaUy ¥ He MMEIOLIX O0II[ero 3JIeMeHTa.

5.8. JIemMma XoJIa.

> 5.68 (Jlemma Xosuta). Ilycrs B gBymosibHOM rpade Ha BeprumHax AU B 11 KasKoro moIMHOKe-
crBa A’ C A MHOXeCTBO BepIUVH B BB, COeNMHEHHBIX XOTS OBI ¢ OHOIT BepruuHoit n3 A’, cocrout
u3 He MeHee |A’| anementos. Torma BceM BepiimHam u3 A MOXKHO COIIOCTABUTH Pa3INUHbIE Bep-
LIMHBI U3 B Tak, YTo Ka)K[as COIlOCTaBJIeHHas IIapa coeqrHeHa peOpoMm.

> 5.69. IlycTs B iBymosnbHOM rpade Ha Bepiintax AU B cTerneHb Bcex BepIinH paBHa k. [lokaxnre,
YTO CyIIeCTBYeT IIpaBIJIbHASA pacKpacka pébep rpada B k I[BETOB.

> 5.70. IlycTh maHO KOHEUHOE CeMeJICTBO KOHEUHBIX MHOKECTB J U KaXKIoMy MHOKecTBy X € F
COIIOCTaBJIEHO HaTypasibHOoe uncio a(X) co ClIeqyoiuM CBOCTBOM: I BCAKOTO HEIYCTOTO

noacemeiictea G C F
U x| =) ax).

Xeg Xeg
Jloka)xuTe, YTO MOXKHO OJHOBPEMEHHO IS KayKA0ro MHOXecTBa X € F BbIOpATh IIOMHOXECTBO
Yx C X, mna xoroporo |Yx| = a(X) tak, uro Bce muoxkectBa {Yx : X € F} nomapHo He

II€EPECEKAIOTCH.

D> 5.71. Ilycts B Tabiuiie n X n 3alMCcaHbl HEOTPULIATEIbHbIE UMCIIA I CyMMBI UMCeJ B KaXKI0I1
CTpOKe U B KKIOM CTOyIOIe paBHBI 1. [loOKaKMTe, UTO MOXKHO BBIOpATh 1 KIETOK TaOJIMIIBI, U3
KOTOPBIX HUKAKIE [IBe He CTOSIT B OJJHOM ¥ TOM K€ CTOJIOIle U B OMHOI M TOJL K€ CTPOKe, I IIPU
5TOM B K&KJO BBIOPAHHOI KJIIETKE UVICJIO OYeT IOJIOKUTEIbHBIM.

D> 5.72. [Joka)knTe, UTO B yCJIOBMIX ITPeIbIIyIIeil 3aaull MOXKHO BBIOpPATh 7 KJIETOK TaOIMIBL, U3
KOTOPBIX HIMKAaKIe JIBe He CTOSIT B OOHOM ¥ TOM jKe CTOJIOLe ¥ B OHOJ M TOJ ’Ke CTPOKe, TaK UTO
B K&)KJI0JI BEIOpAHHOII KJIeTKe OyIeT YMCII0 He MeHee (v,. 3HaUeHUs (v, OIIpeResIoTcs GopMyIoi

1 1
« = —— « = —.
2 T 2 g Y%L T 2



3AJAYN VI IIKOJIBHOI'O MATEMATHUYECKOI'O KPY/KKA 37

Joxaxure, UTO UMCIa (v, B POPMYIMPOBKE ITON 3ajaUt HEJIb3sI YBEJINUNUTh.

> 5.73. Ilycts maHo HarypanbHoe yucio ¢ > 2 u HarypanbHsble uncaa k < n. I[Iycts B rpade G
CTeIeHb Ka)K0 BePIUMHBI HAXOAUTCS B MHTEpBaJIe [n, ﬁn]. Hoxaxure, uro y G Hanigércs moarpad
H Ha Tex ke BepUIMHAX TAKOIL, UTO €r0 CTENleHN BEPIIVH JieKat B nHTepBaie [k, (k.

> 5.74. IlycTh maHbl HaTypanbHble uncia a < b, k < n u seinonusercsa k > a/(b — a). lyctsb B
rpade G creneHb KayK1011 BepIIMHBI HAXOMUTCS B MHTEpBae [an, bn|. [lokaxkure, uro y GG Haitnércs
noarpad H Ha Tex Ke BepILIMHAX TAKOIL, UTO €ro CTEIeHN BepIIVH JIe)KaT B uHTepBaie [ak, bk].

> 5.75. Ilycrs B gy noisaoM rpade G = (AUB, F) |A| = |B| = n, npuuém mus mo6oita € AUB
dega > n/2. lokaxure, uto B G Cyl1eCTBYeT TaMUIBTOHOB IIVKIL.

D> 5.76. [lano HaTypanbHOe uucio n. Hajiqnre MuHuManpHOe K, I KOTOPOTO HAMAETCsI K Ie-
pPECTaHOBOK MHOYKECTBA M3 7 3JIEMEHTOB 01,03, ..., 0} TaKUX, U4TO MJIS JIFOOOI IMepecTaHOBKU
MHOKeCTBA 13 1 9JIeMeHTOB o HainyTes i € {1,2,...,n} uj € {1,2,..., k} rakue, uto

o(i) = o;(i).
5.9. Pa3HbIe 3amaumn.

> 5.77. Ilycrs B cBasHoMm rpade G = (V, F) mausr aBe Beprmas! o u b u g motoit v € V' \ {a, b}
MOKHO TIpO¥iTH U3 @ B b, He mpoxons uepes v. [JoKaKuTe, UTO HAMAyTCS ABa IyTH U3 @ B b, He
MMeIoIye 00X BEePIINH, KpoMe a 1 b.

D> 5.78. [lokaxure, 4TO eciau B rpade CTeleHb KaKI0J BepIIVHBI He MeHee 3, TO B 3TOM rpade
CYILeCTBYeT LUKJ, JJIMHA KOTOPOTO He JeJNTCA Ha J.
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6. Kom6uHaropHas reoMeTpus

3amaunm aTOrO pasmesa pelalTcs pasHooOpasHbBIMU MeTofaMmu. [lanee MayT pasmessl, IIOCBSI-
H_IéHHI)Ie KOHKPETHBIM IOEAM, a B KOHIIE€ UAYT HECOPTUPOBAHHBIE 3a0aYL.

6.1. MHOrOoyroJsHMUKHU, CUET yIJI0B U popMy.ia dintepa. LleHTpanbHOe yTBEpKaAeHNE, KOTOPOE
HaM IOHamo0mTCs (IS ciryuast IoMaHbIX) — 9T0 JieMMa yKopraHa:

Teopema 6.1 (Jlemma JKopnana). HenpepvisHas 3aMKHymas Kpueas Ha NJIOCKOCMU, He UMEULas
camonepeceueHutl, pasbueaem nJIocKoCMb Ha 06e UaACmu.

3mech «pa3bMBaeT IIOCKOCTh» O3HAUAET, UTO T€ TOUKM ILIOCKOCTY, KOTOpbIe He IIPUHAJIeKaT
KpMBOJI, pacagaloTcs Ha Ba MHOKecTBa: [ M [V Tak, UTO BCAKME OBe TOUKM B /| MOXKHO COeIVIHUTD
JIOMaHOJ1, He IlepeceKarolell ICXOAHYI0 KPUBYIO, U BCAKME JBe TOUKU B [ MOKHO COeOVUHUTH
JIOMaHOJ1, He IlepeceKaloleil MCXOAHYI0 KpuBy. [Ipy 3TOM Henb3s COeOqUHUTH TOUKY M3 [ n
TOUKy U3 F JJoMaHOI1, He IlepeceKarolleil ICXOIHYI0 KPUBYIO.

> 6.2. IIOK&)KI/ITE, YUTO €CJIN Ha INTOCKOCTY HapMCOBAaHBI ABE JIOMAHBbIE TaK, UTO BEPIIVIHBI OOHOI He
JIE’KaT Ha OTPE3Kax npyroﬁ, TO OHMU IIE€EPECEKAIOTCA YETHOE YIICIIO pas3 (eCJII/I IIPaBUIBHO C‘{I/ITaTb).

> 6.3. [okaxure gemMmy sKopaaHa I ciydas, KOTJa KpuBas SBIFeTCS JIOMAaHOI.
T 6.4. [lokaxknre ntemmy KopaaHna B o6IieM ciryyae.

Tereps nmepeiinéM K IPOCTHIM YTBEp>KAeHUAM. XOTS OHU U IIPOCThIE, IX CTPOroe 000CHOBaHIE
TpeOyeT MCII0JIb30BaHMA JeMMbI JKopaaHa ([iIf JOMaHBIX).

Ynpaxcnenue 6.5. Jlokakute, UTO OT JIF0OOr0 MHOTOYTOJIBHMKA (BO3MOYXHO, HEBBIIIYKIIOTO) C 60-
jlee 4yeM TpeMs BepLIMHAMM MOKHO OTpe3aTh TPEYTOJIBHUK II0 OTPe3Ky, COeAUHIIOLIEMY OBe
ero BepIIMHBIL. [[JIg Hayaja MOXHO TOKa3aTh, UTO OT MHOTOYTOJIBHUK MOKHO pa3pe3aTh Ha JBa
MHOTOYTOJIBHIKA TaKUM pPa3pe3oM.

Hp]/[ PEICHNN 3TOTO YIIPAXKHEHIA ITOJIE3HO TAKXKE ITIOPAa3MBILIIATE HAal TEM, UTO TaKO€ MHO20-
Y20JIbHUK HA NJIOCKOCMU I1I0 OIIPpENEIJIEHIUIO.

Ynpasxcnenue 6.6. JJokaxxute, 4To CyMMa BHYTPEHHIX YIJIOB 1-YTOJIBHIKA PaBHA
w(n —2).
9Tn HaKTHI MO3BONAIOT € TOMOLIBIO CUETA YTIIOB PELINTD CIEAYIOIIYIO 3a0ady:

D> 6.7. BuyTpu xBagpata mansl N Touek. Ilociie uero mapsl Touek (BKJIIoUast BepILIHBI KBagpaTa)
COeIMHSAITCA OTpPe3KaMH, He IlepeceKalollIMIUCcI IPYyT ¢ IPYyTroM, A0 TeX IIOp, II0Ka 3TO BO3MOKHO.
Haiity KomuecTBO IOJIyUeHHBIX OTPE3KOB U J0Ka3aTh, YTO OHO He 3aBUCUT OT TOTO, KaKlie OTPe3KN
IIpOBeIeHBL.

CdopmynupyeM OCHOBHOE yTBepKAeHNe IIPO ILUIOCKUe Tpadbl:

Teopema 6.8 (Popmyia ditnepa). s c613H020 epagda, HAPUCOBAHHO20 JIOMAHBIMU HA NIOCKOCMU
mak, umo ezo pébpa He umerm camonepeceueHull U He nepecexaromcs Huzoe, Kpome Kax no 6epuluHam,
6bINOTTHAEMCA POPMYTa:

B—P+T=2,
ede B — uucno eepuiun epaga, P — uucno pébep u I' — uucmo obnacmeii, Ha komopble epag pasbusaem
NITOCKOCMb JTUHUAMU CE0UX pEbep.

> 6.9. lokaxnure popmyny Iilyiepa A CBA3SHOTO ILIOCKOTO rpada, pedbpa KOTOPOTO SBISIOTCS
JIOMaHBIMH, C IIOMOII[BIO CUETA YIJIOB.

> 6.10. Joxaxkure dpopmyiry Iitepa MHAYKIUEI 10 Yucity pébep, mpuMeHss temMmy KopnaHa.
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B cnenyrommx 3agauax Hy>KHO IPUMEHNTh GOpMyJTy Dilyiepa VI CUET YIJIOB.

> 6.11. JJokaxuTe, YTO AJISI BCIKOTO IUIOCKOTO rpada ecTh BepluMHa cTeleHu He 6osee 5. Moxer
JIV TaKas BepIUMHA ObITH TOJIBKO OJHA?

D> 6.12. CKOJIBKO BEpIINH CTeIIeHN 5 Y IIOCKOTo rpada, y KOTOPOTO CTeIleHY BePIINH PaBHBI 00
5, nmmnbo 67

D> 6.13. JJokakuTe, UTO IIOJIHBIN rpad Ha IATU BepIIMHaX K5 He IBIAETCH IUIOCKUM.

> 6.14. [lokaskuTe, UTO IIOJHBINM ABYIOJBHBIN rpad Ha IIecTH BepImHax K33 He gBIAeTCA
ILIOCKVIM.

> 6.15. Ilycts mauer HekoTopsle uncia D, A > (. [Jloka)XuTe, YTO ILUIOCKOCTh HEJIb3s pa3pe3aTrh
Ha BBIITYKJIbIe CEMUYTOJIbHUKMY, AMaMeTp KaKIOTro M3 KOTOPBIX He IpeBocxomut D, a mioianb
KaXIoro He MeHbIe A.

> 6.16. ITycts mansl HekoTophie ynciaa D, A > (. [lokakuTe, YTO IIOCKOCTh HEJIb3s pa3pe3arh
Ha BBINTYKJIbIe CEMUYTOJIBHUKMY, AMaMeTp Ka)KIOTo M3 KOTOPBIX He IpeBocxomut [, a mioianb
KaXJ0ro He MeHbIie A.

D> 6.17. [Joka)kmuTe, UTO €CIM CHATHb OJHO U3 OTpAaHMUYEHMII Ha OMaMeTp MJIM Ha IUIOIAAb, TO
paspesarb MOXKHO.

D> 6.18. JlokaXuTe, UTO €CJIM KBAAPAT pa3pe3aH Ha TPEYTOIbHUKM, TO KaK/e-TO ABa M3 HUX MMEIOT
I[eJIYI0 OOIIyI0O CTOPOHY.

D> 6.19. [loKaK1Te, UTO BBIIYKJIBII N-YTOJIBHMK HeJIb3s pa3pe3aTh MeHee ueM Ha 1 — 2 TpeyToJIb-
HIKa.

> 6.20. [JoxaskuTe, 4TO BBIITYKJIbII MHOTOTPAHHIUK C 7 BEPIIMHAMI HeJIb3d pa3pe3aTh MEHee ueM
Ha n — 3 TeTpasapa.

6.2. MHO>KeCcTBa TOUEK I IIPpAMBIX Ha IINIOCKOCTI.

Omnpenesnenne 6.21. MHOXeCTBO TOUeK Ha ILUIOCKOCTM HAXOAUTCSI B OOIIleM ITOJIOXKEHUM, eCIIN
HIKaKye TPU U3 HUX He JIe)KaT Ha OJHO IpAMoil. MHOKeCTBO IIPSIMBIX Ha IJIOCKOCTY HaXOOUTCS
B 00111eM IT0JIO’KEHIY, eIV HUKaKye TPU M3 HUX He IIepeceKalTcs B OJJHOI TOUKe I HIKaKVe JBe
He IapajjlebHBbI.

I[OBOJIBHO IIOJIE3HBIM ABJIAETCA CIIEAYIOIIEE IIPOCTOE YTBEPKAECHIIE:

(n—=1)

Ynpaxcuenue 6.22. JIroOble n IPIMBIX OOILIETO ITOJIOKEHNS IIepeCceKaloTCs B 2 5— TOUKAX U JIeJAT

1 .
IIJIOCKOCTDb Ha % + 1 uacreii.

D> 6.23. MOXXHO JIM pacIoJIOKUTh Ha IJIOCKOCTY 8 TOUEK TaK, YTO I JIF000I HyMeparum 3TUX
TOUEK HalAETCs HEKOTOpas TouKa X Ha IJIOCKOCTY TaKas, UTo M3 He€ 3T 8 TOUeK BUAHBI IMEHHO
B IOpAMKe JaHHOI HyMepaliy, eclIi CMOTPeTh 13 TOUKM X Ha IepBYI0 II0 HyMepauuu TOUKY 1
Jajiee IIOBOPAYMBAThHCS 110 UACOBOI CTpeJIKe?

D> 6.24. Ha mI10CKOCTM pacriosiosKeHbl 12 IPSIMBIX 00IIero IoJIoKeHusI. MBI XOTUM BBIOpaTh OpU-
E€HTAIlMI0 Ha Ka)XJOJ IPSAMON C BBIIIOJHEHMEM CJIeIYIOLIero yCJIOBUS: €CIVM 3aHyMepoBaTh Ha
Ka)KIOM MPSIMOI €€ TOUKY IepeceueHms ¢ OPYTUMMI IPSMBIMI BOOJIb €€ OpMeHTAaluM, TO HU B
KaKOJI TOUKe IlepeceueHs ITaphl IPSAMBIX He OKaXyTcs IBa OAMHAKOBBIX uncia. [Ipu kakux n aTo
MO>KHO cOejaTh?

> 6.25. n IIPAMBIX 06LLICTO ITIOJIOKEHUA OEJIAT IIJIOCKOCTHb Ha YaCTI. I[OK&)KI/ITC, YTO MOJKXHO pac-
CTAaBUTh B 3TUX YACTAX LI€JIbI€ HEHYJIEBbIEC UIICIIA, II0 MOOYJII0O HE€ IIPEBOCXOOAINIE 71 TaK, UTO C
KaXkaon CTOPOHBI OT Ka)KOOJ MCXOTHOI HpHMOﬂ CyMMa 4MCeJI paBHaA HYJIIO.
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Crnenyromias 3ajaua HasbIBaeTcs 3ajaueil CuibBecrpa:

> 6.26. [JokaKuTe, UTO €CJIM KOHEeUHOe MHOYKEeCTBO TOUEK Ha IIJIOCKOCTM He JIEKUT Ha OIHOI
IIpAMOIL, TO CyLIEeCTByeT IpaMad, IPOoXoadlliasg POBHO Uepe3 IBE 13 TOUEK 9TOI'0 MHOKECTBA.

C.TICIIYIOLLH/IC 3alaull MCIIOJIb3YIOT 3aJauy CI/IJIBBCCTpa TN pacCyKOeHM, Codep-Kallliecd B €€
JOKa3aTeJIbCTBE. Taxske ObIBaeT Iojie3Ha CJIeqyrlasa TeopeMa:

Teopema 6.27. Bo3vbméM Ha niockocmu HEKOMOPYH OKPYHHOCMb U CONOCMABUM Kax 00l mouKe ee
NOTIAPHYI0 NPAMYI0, A Kax* 00U NPAMOUL ee NOMAPHYI0 mouky. Takum 06pasom ycmanasmueaemcs 63aum-
HO 00HO3HAUHOE COOMEeMCMeUe Mexcdy MouKamu U NPAMuiMU NPoeKmueHoti niuockocmu. ITpu smom
OMHOWEeHUE <MOUKA JIEHUM HA NPAMOTU» Nepexooum 6 OmHOUleHUe <NPAMAS COOEPHUM MOUKY».

> 6.28. Ha mmockoctu AaHO KOHEUHOE€ MHOXECTBO ITPAMBDIX. ,HOK&)KI/ITC, uTO 11OO OHM BCE IIpOX0-
AT U€pe3 OOHY TOUKY, 6o Bce OHU I1apaJjijieJIbHbI, 6o ecThb TOUKa, 4Hepe3 KOTOPYIO IIpOXOOAT
TOJIBKO OB€ 13 HIX.

[IpenpIaylyIo 3afauy ITOJIE3HO PELINTh KaK C IIOMOIIBIO IOJIIPHOrO IpeoOpasoBaHus, TaK U
HeIIOCPeICTBEHHBIMI PACCYKAEHUAMHI C IIPIMBIMIL.

> 6.29. Ha nimockocTu pacrosio;keHo KOHEUHOe UMCIIO KPACHBIX M CMHIUX IIPAMBIX, CPeJU KOTOPBIX
HeT ITapaJIeIbHBIX, TaK, UTO Yepe3 JTI00YI0 TOUKY IlepeceueHNs IPSIMBIX OJHOTO IIBeTa IIPOXOINT
IpsAMas IpyToro 1Bera. [Jokaxure, 4To Bce NPAIMbIe IPOXOAAT Yepe3 OHY TOUKY.

D> 6.30. Ha nmimockocTu JaHbl 1 TOUEK, He JIesKallMX Ha OQHOM IIPSAMOIL, ¥ IIPOBeeHbI BCEBO3MOXK-
HbIe IIpsIMble uepes Bce Maphbl JaHHBIX TOUueK. [JoKakuTe, UTO MOJyYMIIOCh HE MeHee 7 IIPSIMBIX.

> 6.31. Ha mockocTy B3SThI HEKOTOpBIE 7 TOuek (He 00s3aTebHO 00IIero ImosioskeHus). Ye-
pe3 BCe IMaphl 3TUX TOUYEK IMPOBOIATCS IpsiMble. Kakoe KOIMYECTBO PasiMUYHbIX IPSIMBIX MOTIJIO
MOJIYUUThCI?

I[EUICC NAYT pa3HbI€ 3aauM IIPO PaCIIOJIOKEHNA TOUEK Ha ITJIOCKOCTIL.

> 6.32. KoHeuHOe MHOKeCTBO TOUEK OOIIETO IMOJI0KEHUs Ha IUIOCKOCTU O0JIagaeT CIeAyIoLM
CBOJICTBOM: BMeCTe C JIIOOBIMI TpeMsI TOUKaMI OHO COAEPIKUT OPTOLIEHTP 00pa3soBaHHOIO MMU
TpeyroibHIKa. Kakoe MakcuMaapbHOe KOJIMUECTBO TOUEK MOXKET ObITh B TAKOM MHO)KeCTBe?

> 6.33. Tpu TpeyroapHmKa uMeloT o6y Touky (. [lokakuTe, YTO MOKHO BbIOpATh IO Of-
HOJI TOUKe M3 BEePILIMH Ka)KIOTO TPEYTOJbHMKA TaK, UTO ITOJIyUYeHHBIII TPEYTOIBHIUK (BO3MOKHO,
BBIPOXKIEHHBIII) OyaeT comepKaTh Touky O.

D> 6.34. B mpocTpaHCTBe JaHBI TPU TeTpasapa, KaKABI U3 KOTOPHIX cOmepKUT Touky O, 1 eIré
maHa Touka X. JJoKaXuTe, YTO MOKHO BBIOpATh II0 OJIHOJ BEpILNHE Y KaKIOTO U3 TeTPasapOB
TaK, UTO BMeCTe C TOYKOI X 3TU UeThIpe TOUKU AaTyT TeTpasap (BO3MOKHO, BBIPOXKIEHHBIIT),
comepykarmit Touky O.

> 6.35. Ha mrockocTu aHO 1 KPacHBIX 1 N CMHMUX TOUEK B OOIeM MOJIOKeHnN. [[OKaKnTe, uTo
BCE TOUKIM MOKHO pa30uUTh Ha pa3HOIIBETHBIE IaphI TaK, UTO OTPE3KIL, COOTBETCTBYIOIIIIE ITapaM,
IIOIIapHO HE IIepeceKarTC.

D> 6.36. Ha nmpsMoii JaHO 1 KpacHBIX U 12 CMHUX TOYeK. [JOKaKuTe, UTO BCe TOUKY MOXKHO pa3buTh
Ha pasHOLIBETHBIE IIapbl TaK, UTO BCe OTPE3KY, COOTBETCTBYIOIIE ITapaM, NUMEIOT OOIIyI0 TOUKY.

D> 6.37. Ha nmimockocTu maHo 3 KpacHBIX, 3 CMHUX U 3 3€JE€HBIX TOUKU. [JoKa)kuTe, YTO BCE TOUKM
MO>KHO pa30uUTh Ha TPEXI[BETHbIE TPOIKY TaK, UTO BCE TPEYTOJIBHIKI, COOTBETCTBYIOLIIVIE TPOTIKAM,
MMEIOT OOIIYI0 TOUKY.

T 6.38. Ha mutockocty maHO n KpaCHBIX, 1 CUHUX U 7 3€JEHBIX TouekK. [JOKaKITe, UTO BCE TOUKU
MOYKHO pa30UTh Ha TPEXI[BETHBIE TPOIKI TAK, UTO BCE TPEYTOJIBLHUKY, COOTBETCTBYIOLLIVIE TPOIIKAM,
MMEIOT OOIIYI0 TOUKY.
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6.3. BeInmyKjible MHOTOyTOJIbHUKU.

D> 6.39. [lokaxuTe, 4YTO BBIITYKJIbIJI MHOTOYTOJBHMK MOXHO paspe3aTh Ha ITapajjieorpaMMbI
TOTJa U TOJIBKO TOTMla, KOI/la OH ABJIAETCI IIeHTPAJIbHO CMMMEeTPUUHBIM.

D> 6.40. Jloxa)kmuTe, 9YTO €CiaM BBINIYKJIBIII MHOTOYTOJIBHMK paspe3aH Ha IapajjielorpaMMBbl, TO
OOVH U3 3TUX IapajjeJorpaMMOB MMeeT KaK MMHMMYM OB€ CTOPOHBI, JieKalllyie Ha TpaHNIe
MHOTOYTOJIbHUKA.

> 6.41. ITycts Ay Ay ... A, — BBIIYKIIBIN N-YTOJIBHUK, HUKaKVeE ABe CTOPOHBI KOTOPOTO He IIapaj-
senpHbl. [ kaxgoit ctoponbl A; A1 (cuntaem A, 1 = A;) HailiéM MaKCUMAaIbHO yIUIEHHYIO
ot mpsamoit A;A; 1 BepmmHy Ay u 0003HAUMM TPEYTOJIbHUK, 0Opa30BaHHBIN 3TUMU CTOPOHOII
n BepumHoN T;. Jlokaxnre, uto TpeyronbHuMku 7; (i = 1,...,7n) IOKPBIBAIOT BeCh MCXOMTHBII
MHOTOYTOJBHIK.

> 6.42. Ilycts A1 As . .. A, — BBIIYKJIBIN N-yTOJBHUK, HUKAKIE IBE CTOPOHBI KOTOPOTO HeE Mapal-
senbHbL. [ kakmoit ctopoubl A; A1 (cunmtaem A, 1 = A;) HailiéM MaKCUMAaIbHO YAAUTEHHYIO
ot npsmoit A; A; 1 BepiumHy Ay 1 pacCMOTPUM CYMMY BCEX BO3MOYXHBIX TaKuX yritoB £ A; Ap A; 1.
Jloka)xuTe, 4TO 3Ta CyMMAa paBHa .

B IIPpEABIAYIINX NBYX 3adaUax IT0JIE3HO MCIIOJIb30BaTh CIIEAYIOIIEE ITOHATIIE:

Onpenesnenne 6.43. Appunnbim ouamempom BBITYKIOTO MHOTOYTOIbHMKA [/ Ha3bIBaeTCs TAaKOM
0Tpe30K, comepskatumiics B M, uro B M He cyliecTByeT IapauIeJIbHOTO eMy OTpe3Ka 6oJIblirelt
IUIVHBI.

> 6.44. [Jokaxure, 4To 0Tpe30K AB sBnsercsa adpuuubiM nuamerpom M Torga M TOJIBKO TOT/A,
KOTrJa ero KOHIIBI JeXaT Ha rpaHune M u M MOKHO 3aKJIIOUNTH B IIOJIOCY, COAEPSKAIIYI0 TOUKI
A u B Ha CBOUX IPOTUBOIIONIOXHBIX KPasX.

> 6.45. [lokaxkure, uTo 3agaun 6.41 u 6.42 ciaeqyroT U3 TaKUX YTBEPKAEHMI: O KaXKI0ro MHO-
royrosbHuKa M cymectByer adppUHHBIN AuaMeTp, ITapajulesIbHBIN BCIKOI Harepén 3agaHHOI
MIPSIMOIA; IS K&KOOTo MHOTOyroJabHMKa M cylecTByer ahpUHHBIN AyaMeTp, IIPOXOISIIINIL Ue-
pe3 3amaHHy0 Touky B M. J[lIoKkakuTe 3TU yTBEP>KICHUS.

D> 6.46. JJokaskmTe, UTO M KaKJOro MHoOroyroiubHMuka )/ cymectByer addMHHBIN quaMertp,
IIPOXOIAIINIL Yepe3 3aJaHHYI0 TOUKy BHe M.

,[[JIH pEICHMA HEKOTOPBIX 3a4au IIPO BBIITYKJIbIE MHOT'OYTOJIBHUKIL ObIBaeT IOJIE3HO BEKTOPHI,
PaBHBI€ BEKTOPaM CTOPOH MHOTOYTOJIbHIIKA, OTJIOKHUTD OT Hauajla KOOpamHar.

> 6.47. Ilyctp A1 Ay ... A, — BBIIYKIBIL N-YTOJIBHUK, BCE CTOPOHBI KOTOPOTO PABHBI MEXKIY
co6oit. [lokaKknTe, UTO HAAYTCI KaK MUHUMYM ABa Takux k = 1,...,n, 4to

LA G ARAp 2 LA 2 A 1Ay LA 1 ApAp 2 LA A1 Akyo,
rge A_l = An—ls AO = An, An+1 = A1 n An+2 = AQ.

> 6.48. Tlycts A1 Ay ... A, — BBITYKIJIBIiT N-yTONBHUK, BCE YIJIBI KOTOPOTO PABHBI MEXK]TY COBOIL.
JlokaxuTe, UTO HalfMyTCA KAK MUHIMYM IBa TakuxX k = 1,...,n, 9ro
|ApAps1] 2 [Ap—1 Akl [AeAka| 2 Ak A2l
tme A 1 =A, 1,A=A, Ap 1 =AiuA, 5= As.
BBeném ompefenenue:

Onpepnenenne 6.49. Cymmoit MIMHKOBCKOTO MHOKeCTB A 1 B Ha IJIOCKOCTYM HA3bIBAETCS MHO-
KECTBO
A+B={a+b:a€ Abe B}.
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Omnpenesnenne 6.50. ITonoxuMm m1g MHOKecTBa A Ha mIockocTu
—A={—a:a€ A}

Ynpaxnenue 6.51. [lokaxxute, 4To cyMMa MITHKOBCKOT'O MHOT'OYTOJIBHIKOB — TOX€ MHOTOYTOJIb-
HUK.

> 6.52. Ecam Ha cTOpoHaX MHOTOYTOJIBHUKOB A U B paccTaBmIM BEKTOPHI IIPOTUB UaCOBOIL
CTPEJIKM ¥ IOJIyYIJINCh ITOIIApHO HeCOHAIpaBJIeHHbIe BEKTOPHI, I TO K€ caMoe ITPOfealy C
A + B, To MHOXeCTBO BeKTOpOB cTOopoH A + B ecTb oObenyHeHe MHOKeCTB BeKTOpoB A u B.
Eciu cpenint BekTopoB cTopoH A 1 B 6pIiu coHaIpaBIeHHbIE, TO aHAJIOTMYHOE YTBEepsKIeHIe OyneT
BepHO, eciint 00aBUTH K BepiinHaM A + B HeCKOIbKO (PUKTUBHBIX BEPILINH C YIJIOM 7.

Byner o6osuauars p(M ), s(M),d(M) nepumerp, miomanb 1 guaMeTrp MHOTOYronbHuKa N
COOTBETCTBEHHO.

> 6.53. Jokaxure, uro d(A + B) < d(A) + d(B).

> 6.54. Jokaxure, uto d(A + (—A)) = 2d(A).

> 6.55. Jokaxure, uto p(A + B) = p(A) + p(B).

> 6.56 (Hepasenctso Bpyrna-Mumkosckoro). Tokaxure, uto \/s(A + B) > 1/s(A) + /s(B).

[Tpu pemtennu npenpIgyIUeN 3agauy IIOMOraeT yTBEPKIeHIeE:

Teopema 6.57. Ecnu ons 06yx ¢ueyp Ha niockocmu Fy u F, 3adana npamas { mak, umo ons mo6oi
npamoi l' || ¢ cymmapras onuna muoxecmesa ' N F| ne menee cymmaphoti onunvl MHoxcecmea l' N Fy,
mo s(F1) = s(Fy).

PaccmoTpenue BMecto MHOTOyrotbHUKa M cruMMerpuuHoro MuHoroyronbauka M + (—M) no-
JIe3HO B CJIEAYIOIINX JIBYX 3a/auax:

>> 6.58. Hokaxure, uro wd(M) = p(M).
> 6.59 (MsonuameTpudeckoe HepaBeHCTBO). [okaxure, uto 4s(M) < wd(M)>.

> 6.60. IIycts B; — KpyT ¢ IIeHTpOM B Hadasle KOOpAMHAT M pagmycoM t. [lokaskmure, 4To AJIs
BCSKOT'O MHOTOYTOJIbHIKA [V ILIOIangb

s(M + By)
ABJIAETCS KBAJPATHBIM TPEXWIEHOM OT ¢. UeMy paBHBI KO3 PULMEHTEI 3TOTO TpEXUWIeHa?

> 6.61 (I/IsonepMMeTpI/meCKoe HepaBeHCTBo). C nmoMouibio IpeapIayIIeil 3ajaun 1 3agadn 6.56
nokasxkure, uto 4ws(M) < p(M)2.

6.4. Konpurypanuu us meroumnciIeHHbIX TOUEK.

> 6.62. [lokaxknTe, uto y Beinryksiaoro 1000000-yronpHMKa ¢ BepIIMTHAMIU B LIEJIBIX TOUKAX KaKasg-TO
CTOpOHA MMeeT JIuHY 6osee 550.

> 6.63. [loka)kuTe, UTO €CJIM Y BBIIYKJIOTO MHOTOYTOJIBHIKA C BEPIIMHAMU B I€JIIX TOUKAaX BCE
CTOPOHBI PaBHBI, TO KOJIMYECTBO €TI0 BEPIINH YETHO.

D> 6.64. JJokakuTe, 4YTO He CYILLECTBYeT IPABIJIBHBIX N-yTOJBHUKOB C BEePIIMHAMI B TOUKaX C
LIeJIbIMI KOOpAMHATaMu npu n = 3, 9, 6.

D> 6.65. [lokaKnTe, UTO He CYILIECTBYeT IPaBIJIBHBIX 1N-yTOJIBHUKOB C BEpLIMHAMMU B TOYKAX C
I{eJIBIMY KOOpAMHATaMI IIpU 1. > 7.
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D> 6.66. Ha mI0CKOCTM OTMEUeHO HeCKOJBKO ToueK. [l JMI00BIX TPEX M3 HUX CYILIeCTBYeT He-
KapToBa CICTeMa KOOPAMHAT, B KOTOPOI 3T TOUKM MMEIOT IleJible KOOpAMHATHL. [[oKaKkuTe, 4To
CyILLIECTBYeT JeKapToBa CUCTeMa KOOpAMHAT, B KOTOPOJ BCE€ OTMEUEHHBbIE TOUKM VIMEIOT LieJIble
KOOPAMHATBHI.

> 6.67. [lokakuTe, UTO €CJIM BEpPIINMHBI BBITYKJIOTO HATUYTOJbHMKA M/ MMEIOT Iiesible KOOp-
AUHATHI, TO MAJEHbKUI NATUYTONbHUK M’, cTOpOHBI KOTOpOTo 00pasoBaHbl quaroHamsmu M,
COJIEPKUT TOUKY C IeJIBIMIU KOOpAMHATaMI BHYTPU MJINM Ha TpaHUIIE.

6.5. 3agauu Tuna Pamces. Crnenyromine 3agauy roBopsaT O TOM, YTO €CJIM MHOKECTBO TOUEK Ha
ILUIOCKOCTY TOCTATOUHO BEJIMKO, TO B HEM HaAETCI 3afaHHasd KOHPUTypaus Touek:

> 6.68. [Joka)kmuTe, YTO B MHOKECTBE U3 Cf,;i + 1 Touek B 0OILIEM ITOJIOKEHUM Ha IIJIOCKOCTIU
BCerya HaayTca k TOueK, 00pa3yolye BBITYKIBII k-yYTONTbHIK.

> 6.69. B MHOXecTBe U3 2" TOUeK Ha IIOCKOCTM B OOIIeM ITOJIOKEHUY HAMIyTCsS TPU TOUKIH,
1
o0pasymlie TpeyroJbHUK, OMNH U3 YIIIOB KOTOPOro He MeHee (1 — E)W.

BrIBaroT 1 yTBepKAeHMS B 0OpaTHYIO CTOPOHY:

T 6.70. HOK&)KI/ITC, UYTO Ha IINIOCKOCTM MOKHO BbI6paTb MHOKECTBO 3 CKOJIb YITOOHO OOJIBIIIOTO
Yuciia TOUEK 0611_161‘0 ITIOJIOJKEHNIA, B KOTOPOM HET CEMU TOUEK, o6pa3y101umx BI)IHYKJIBIﬂ ceEMMI-
YT'OJIBHUK 0e3 APYTUX TOUEK 3TOTO MHOKECTBA BHYTPM CEMMYTOJIbHIIKA.

6.6. Bermykible (puUrypsl.

Omnpenenenne 6.71. MHOXecTBO X Ha IIJIOCKOCTY Ha3bIBAETCS 6biNYKIIbIM, €CIIVI BMECTE C JII0OBIMU
neyms Toukamu A u B oHo comepxut otpe3ok AB.

Teopema 6.72 (Teopema Xana-Banaxa Ha mnockoctu). Ecnu mouxa p He mexcum 6 3aMKHYMOM
suinykiom muoxcecmee C, mo cyujecmeyem npsamas { maxas, umo p u C nexcam no pasHvie CmopoHbl
om/.

D> 6.73. [lokaXnTe 3Ty TeopeMy.

Omnpenenenne 6.74. Boimykioit 06010uKoit MHOXecTBa X Ha3bIBaeTCs IlepeceueHie BCEBO3MOXK-
HBIX BBIITYKJIBIX MHOXXECTB, COMEp KaIIX X.

Us OIIpeneJIeHIA BbIHYKJIOﬂ 000JI0UKM CJI€NYeET, UTO OHa ABJIAETCA BBIIIYKJIBIM MHOKXECTBOM.

Teopema 6.75 (Teopema Kapareomopu). Touka p sexum 6 6binykioti 060710uKe KOHEUH020 MHOMNce-
cmea X moeda u monvko moeda, Koeda oHa cognadaem c 00HOU U3 mouek X UIu Jexum Ha ompeske
¢ KoHyamu 6 X UTu Jiexum 6 mpeyzonvHuKe ¢ gepuuHamu ¢ X .

> 6.76. [Joxaxure TeopeMmy Kaparteomopm m moKakure, UTO BBINyKJas 0OOJIOUKA KOHEYHOTO
MHO>XECTBA — BBIIIYKJIBII MHOTOYTOJIBHIK.

D> 6.77. Ha miockocTy JaHbI KOHeYHBbIe MHOKecTBa X 1 Y, mpmuém X comep KUTCI B BBIITYKJION
o6osnouke Y. ITycts B X n > 2 touek. [Jokakure, 4To Hampércs nogmuoxectso Y C Y us He
Ooitee 2n TOUEK, BBITYKJIAsA 000I0UKA KOTOPOTO COXEPKUT X .

PaCCMOTpI/IM TAKJK€ IIOHATIE TPUMAHTYJIALINIL:

Onpenesenne 6.78. Purypa F' Ha IIIOCKOCTY TPUAHTYJIMPOBAHA, €CIIV OHA IIpeICTaBIeHa B BUE
00beIMHEHNS TPEYTOIBHIKOB, KaXKAas ITapa KOTOPBIX JIM00 He IepeceKaeTcs, 0o rmepecekaeTcs
II0 BepILUVHAM, JIMOO ITepeceKaeTcs 110 ITOJIHBIM CTOPOHAM.

[anee MbI OyIeM TPUAHTYJIUPOBATH BBIITYKJIbIe 000JIOUKM KOHEUHBIX MHOKECTB X , KOTOpbIe He
JIeXKaT Ha OQHON IIPAMOIL.
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D> 6.79. JlokaXuTe, 4YTO BBIITYKIIYIO 0O0JIOUKY KOHEUHOTO MHOKecTBa X MOKHO TPUAHTYJIMPOBATh
TaK, UTO BEPILUNHBI TPEYTOJIBHIKOB TPMAHTYJIALIMY JIEKaT B X .

Hanee OymeM paccMaTpuBaTh TPMAHTYJISIMY BBIITYKJION 000JOUYKY KOHEUHOTO MHOXKeECTBa X,
B KOTOPBIX BepILIMHAMM TPEYTOJIBHUKOB SABIFIOTCA TOJIBKO Touky u3 X. [lagmm ompeneseHme
HEKOTOPOTI'o Kjacca TaKUX TPUAHTYJIISIINIL.

Onpenesnenne 6.80. Tpuaneynayueil /JenoHe Ha3bIBaeTCs TaKas TPUAHTYISALUS BBITYKION 000-
JIOYKV KOHEUHOTO MHOKecTBa X C BepIUMHaMI B X, UTO OINCAaHHAsI OKPYKHOCTb KaKIOTO Tpe-
YTOJIBHUKA TPUAHTYJISIUN He COAEPKUT BHYTPHU ce0s1 HMKAKUX TOUeK X .

> 6.81. [lokasknre, 4TO A1 BCAKOTO X CYIIECTBYeT TPUAHTYJIALNA [leIoHe BBITYyKJION 000I0UKM

X.

>  6.82. JlokaXuUTe, UTO €CJIM MHOXeCTBO X OOIIero IOJIOKEHUI UM HUKakue 4 ero TOYKU He
JIe)XaT Ha OJTHOI OKPY’KHOCTH, TO ABe Touku A u B coenuHeHs! pebpoM B TpuaHryasuuu enone
TOTA U TOJIBKO TOTJa, Koraa cyigectByer Kpyr K rtakoii, uto K N X = {A B}. B atom ciyuae
TpuaHryaauud [lesoHe eqMHCTBEHHA.

> 6.83. [lokaKknTe, UTO JIIOOBIE 7 PA3IMUHBIX TOUEK IIJIOCKOCTY MOKHO PaCKpacUTh B HEKOTOpPOe
KOJIMYECTBO I[BETOB, He mpeBocxopsaitee 101nn, tak, 4ToObI B KaKIOM KpyTe, COfepiKaIleM I10
KpaifHell Mepe OHY 13 3TUX TOUeK, ObLIa pOBHO OJHA TOUKA HEKOTOPOTO LIBETA.

Onpenenenne 6.84. Paz6uenuem Boporozo [jisi KOHEUHOTO MHOeCTBa X HasbIBaeTcs pasbueHue
ILUIOCKOCTM Ha ceMelicTBO MHOKeCTB { V,, }ocx

Vo=A{p:Va' e X |p—a| <|p—2'[}.
> 6.85. Kak cBsi3ans! TpuaHryasuus [lesloHe BBIMYKION 00010uku X 1 COOTBETCTBYIOLIIEE pas-

6uenne BopoHoro mis MHOKecTB X 00I11€r0 IMOJOKEHMs, B KOTOPhIX HUKaKue 4 TOUKM He JeKatT
Ha OJHOI OKPY>KHOCTU?

D> 6.86. Ha mimockocTu jaHO KOHEYHOe MHOXXECTBO HellepeceKaroIuxcs Kpyros Ky, Ko, ..., I,.
JlokaskuTe, UTO IJIOCKOCTh MOKHO pa3ouTh Ha BoiyKible purypst C, Cs, . . ., O, IepeceKaromm-
ecst TOJIBKO I10 TPaHMIAM TakK, uTo s iroboro ¢ = 1,2, ..., n K; C C;.

6.7. Teopema Xesumm.

Ynpaxcnenue 6.87. [lokaxute TeopemMy XeJuIn Ha IPSAMOIL: €CJIM B HEKOTOPOM MHOKeCTBE OTPE3KOB
Ha IIPSMOII JIF0ObIe Ba OTpe3Ka IIepeceKaroTcs, TO BCe OTPE3KU MMEIOT OOIIyI0 TOUKY.

Teopema 6.88 (Teopema Xesnu Ha miockoctn). Ecnu 6 cemeticmae, cocmosiujemM U3 1 6biNYKIIbLX
muonceems { X1, Xo, ..., X} (n > 3) na nwockocmu mo6vie mpu muoxcecmea X;, X; u Xy umerom
06wy MOUKY, Mo 6ce MHOXECMEA UMEM 00Uy MOUKY.

> 6.89. [lokaxxute TeopemMy XeJlIn.
W3 37011 TEOpEeMBI MOKHO BBIBECTV MHOT'O pa3HOOOPA3HBIX CJIeICTBIIL:

> 6.90. Ha mmockoctu gano n > 3 upsambix (1, Uo, . . ., {,,. [loKa)KuTe, UTO €Cu 1S JTFOOBIX TPEX U3
HUIX HaMIIETCA KPYT pajguyca 1, KOTOPBIil IIepeceKaeT 3T TPU IIpAMbIE, TO HAMIETCA KPYT pajguyca
1, KOTOPBIN IepeceKaeT BCe N IMPIMBbIX.

> 6.91. [JokaXuTe, UTO €CIU U3 N > 3 TOYeK Ha IUIOCKOCTU JII0ObIe TPY MOXKHO HAKPBITh KPyroM
paxgmyca 1, To Bce MOKHO HaKpBITh KpyroM paamyca 1.

> 6.92. [Joka)kure, UTO e€CJIU 7N MOJYIIOCKOcTelt hy, ho, ..., h, TOKPBIBAIOT BCIO ILJIOCKOCTD, TO
KaKle-TO TPM U3 HUX TOKe IIOKPBIBAIOT BCIO INIOCKOCTb.
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> 6.93. Ha miockocT oTMeUeHO MHOKECTBO 13 12 TOUeK. [JloKaskuTe, UTO Ha IJIOCKOCTU HAMOETCT
Touka O Taxasi, uTo JH0ast IOIyIUIOCKOCTD, cofepxKatas (), COREepKUT He MeHee 71 /3 OTMeUeHHBIX
TOUEK.

Cneny}omaﬂ cepusd 3agau IAET JOKa3aTeIbCTBO TEOPEMBI Xennu u HEKOTOPBIX €€ 0606HI€HI/II7[:

> 6.94. [lokaxure, YTO TeopeMy XeJIM JOCTATOYHO JOKa3aTh I KOHEUHOro Habopa BBIMTYKJIBIX
MHOT'OYT'OJIBHMKOB. Takke MOXHO CUUTATh, YTO HU Y KaKUX TPEX BBINYKJIBIX MHOTI'OYT'OJIBHUKOB
UX TPAHMULIBI He NMEIOT HU OJHOI OOIIell TOUKIL.

> 6.95. PaccMoTpuM HabOp BBITYKJIBIX MHOTOYTOJIBHUKOB, YIOBIETBOPSIOIINX yCIOBUIO Teope-
MBI XeJUIM ¥ YCIOBMAM IpedpIaylueil 3agauy. [loBepHEM IIOCKOCTB TaK, YTOOBI CTOPOHBI BCeX
STUX MHOTOYTOJIBHUKOB He OBLIVM BePTUKAIBHBIMIU. PaccMOTpMM Bce BO3MOJKHBIE ITepeceueHIst
TPOeK MHOTOYTOJIBHUKOB [195 = My N My M Ms — 3T0 TOXe BBIITyKJIbIe MHOTOYTOJIBHUKI. B Kak-
IOM TaKOM IlepecedeHIY pacCMOTPUM CaMyI0 IPaByIo (C HaMOOJIbIIIel KOOPAMHATON T) TOUKY —
OHa eMHCTBEHHA I KaKIOTOo IepeceueHms. Bo3pMéM M3 3TUX TOUEK caMylo JeByio Touky O.
Hoxaxure, uto O COOEpKMUTCSI BO BCeX MHOTOYTOJIBHMKAX HaIllero Habopa.

I> 6.96. JIOKa)XuTe, UTO €CIIM B CEMENCTBE OTPE3KOB Ha MpsaMoit He MeHee aC'> TIap IepeceKaroTcs,
TO CYLLeCTByeT TOUKa, IpuHajexarias He meHee (1 — /1 — a)n orpeskam.

> 6.97. Hokaxwure, uyro mius Beskoro « € (0,1) manpméres B(«) € (0,1), ymosiaerBopsiomiee
ceqyonieMy yciaoBuio. Eciu B cemeiicTBe 1 BBIMYKJIbIX MHOKECTB Ha IJIOCKOCTH He MeHee aC>
TPOEK MMEIOT OBLIYI0 TOUKY, TO HAIAETCSA TOUKa, IpUHANJIexalnas He MeHee (3(a)n MHOXecTBaM
U3 JaHHOTO Habopa. [[OKaKUTe, UTO MOKHO BbIOpath (3(«r) Tak, utobs lim, 1 5(a) = 1.

> 6.98. IlycTp Ha IUIOCKOCTM JaHO TPU HEIyCTBIX CEMENCTBA BBIITYKJIBIX MHOXECTB — KpacHBbIe,
cuHMe U 3eséHble. MI3BecTHO, UTO JII00BIE TPM MHOKECTBA PA3HBIX LIBETOB MMEIOT OOLIYIO TOUKY.
JokaxuTe, UTO BCe MHOKECTBA OJHOTO 13 I[BETOB IMEIOT OOIIYIO TOUKY.

Mo>KHO Takxe JO0Ka3aTb O606U.[€HI/IC TEOPEMBI Xennu JJIA HEKOTOPOTO KyIacCa NeJTOUMCIEHHBIX
MHOKECTB Ha IIJIOCKOCTU.

OnpeneneHI/Ie 6.99. MHOXeCcTBO Ha IIJIOCKOCTYI Ha3bIBaeTCS UETTOHUCITIEHHbIM 6blNYKIIbIM, €CIIL
OHO COCTOMT M3 TOUEK C OEJIBIMI KOOpAMHATAMMUM M BCAKad OEJIOUNCICHHAsA TOYKa B BBIHYKﬂOﬂ
000JI0UKe MHOKECTBa IIPMHALJIEKUT 3TOMY MHOKECTBY.

> 6.100. [lokaskure, 4YTO €CJIM B CEMEIICTBE, COCTOSAIIEM U3 7. LIeJIOUNMCIE€HHBIX BBINTYKJIBIX MHO-
xectB { X1, Xo, ..., X,,} (n > 4) Ha muiockocTu T100bIe UETHIPE MHOKECTBA MMEIOT OOLIYIO TOUKY,
TO BCe MHO’KECTBA MIMEIOT OOIIIYIO TOUKY.

6.8. I'padpuKku MHOTOUJIEHOB M ajire0OpamyecKye KpuBbIe.

D> 6.101. Ha mockocTy HapucoBaHbI IpadMKy HECKOIBKIX MHOTOUJIEHOB CTEIleH) He BhIIIe d.
Hoxaxknre, uTto ecnu Jr06ble d + 2 v MeHee rpaduka MMEIT OOIIYI0 TOUKY, TO Bce rpaduku
MMEIOT OOIIYIO TOUKY.

D> 6.102. JloKaK;Te, UTO eCIM B HEKOTOPOM MHOKeCTBe OKPY>KHOCTeJl Ha IIJIOCKOCTU JIFoObIe 4
VIV MEeHee OKPY’KHOCTEl IMEIOT OOIIYI0 TOUKY, TO BCe OKPY>KHOCTY IMEIOT OOIIYIO TOUKY.

D> 6.103. [lokakuTe, UTO €CJIM B HEKOTOPOM MHOKECTBE OKPY>KHOCTEIl Ha ILIOCKOCTH JII0ObIe 3
UJIY MeHee OKPY)KHOCTeJI MIMEIOT OOIIyI0 TOUKY ¥ KOJIMUECTBO OKPY>KHOCTell He MeHee D, TO BCe
OKPY>KHOCTM MIMEIOT OOIIYIO TOUKY.

> 6.104. Ha rurockocTu oTMeueHO KOHeUHOe MHOKeCTBO 13 Oosee ueM d + 1 Touek ¢ momapHO
pasiauuHbIMU abcuyccamu. V3BecTHO, UTO TpaduK MHOTOUWIEeHa CTEIleHN He BbIlle d, IPOBeIEH-
HBII uepe3 nio0ble d + 1 U3 HUX, COTEPIKUT ellé OJHY OTMEUeHHYI0 TOUKy. [loKakuTe, YTO BCe
TOUKI JIe)KaT Ha rpaduKe MHOTOUJIeHa CTelIeH! He BhIIe d.
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> 6.105. Ha mIockocTu oTMedeHO KOHEYHOEe MHOKeCTBO ToueK. V3BecTHO, uTo yro0ble 6 Mian
MeHee OTMEUEHHBIX TOUEK JIeXKaT Ha Ilape NpAMBIX. [JoKaKuTe, YTO BCe TOUKMU JeKaT Ha Iape
IpPAMBIX.

> 6.106. [Jokaxure, 4TO AJIS JTIOOOTO HATYPAJIBHOTO £ B IIPOCTPAHCTBE MOKHO OTMETUTH 2Kk + 3
TOYEK TaK, UTO C KaKIO0Jl CTOPOHBI OT JIF000JT IIJIOCKOCTH, IIPOXOIIel uepe3 Haualo KOOPAMHAT,
JIEeKNUT He MeHee kK OTMeUeHHBIX TOUeK.

> 6.107. Ha miockocTu OTMeUeHOo N KpaCHBIX I 1T CMHUX IIPpAMBIX. OTMeueHBI Takke MM TO-
YUEK II€epeCceUCHMI IIaphbl IIPAMBIX PAa3HbBIX IIBETOB. I[OKEI)KI/ITG, YTO €ClIn Ha6op 3eJIEHBIX IIPpAMBIX
ITIOKPBIBAET BCE€ OTMEUEHHDbIEC TOUKM, KPOME OQHOI, TO 3eJIEHBIX IIpAMBIX HE MEHEE T +m — 2.

Ynpaxcnenue 6.108. [laHbI 1Ba KOHEUHBIX MHOKECTBA NEICTBUTENBHBIX unces A u B, o6o3Haunm
A+B={a+b:ac A, be B}.
JloKakuTe, 4TO AJIsL KOJIMUECTB 3JIEMEHTOB MHOKECTBA IMEET MECTO HEPABEHCTBO
|A+ B| > |A| +|B| - 1.

> 6.109. [laHbI {Ba KOHEUHBIX MHOKECTBA OCTATKOB 10 MOMYJI0 IIPOcTOro uncia A n B, 0603Ha-
UMM MHOYKECTBO OCTATKOB
A+B={a+b:ac A beB).
JloKaxuTe, UTO Il KOJIMUECTB 3JIEMEHTOB MHOYKECTBA MIMEET MECTO HEPABEHCTBO
|A+ B| > min{|A| + |B| — 1, p}.
6.9. Packpacku Ha IUTOCKOCTH. PaccMOTpuM I IpuMepa OfiHY 13 CaMBbIX ITPOCTBIX 3aad PO

pacKpacku:

> 6.110. [Joka)KuTe, UTO eCJIM IJIOCKOCTh pacKpallleHa B JBa IiBeTa (TO eCTh Ka)KI0il TOUKe IIIOC-
KOCTM IIPVYICBOEH OJMH M3 JBYX I[BETOB), TO HAIAETCSI paBHOCTOPOHHMII TPEYTOJIBHUK, Y KOTOPOT'O
BCe BEpIINHBI OJHOTO IBETA.

Bor emé HeckoybKo 3aau PO PaCKpPACKy ILJIOCKOCTIA:

> 6.111. [lokakmure, 4TO €CJIM ILTIOCKOCTh OKpallleHa B TpM LIBeTa, TO HAAYTCA ABE TOUYKIU Ha
paccrossHuy 1 Opyr OT ApPYra, OKpallleHHbIEe B OOMH U TOT K€ LIBET.

> 6.112. Jloka)KuTe, YTO INIOCKOCTb MOKHO OKpPAaCUTh B CeMb IIBETOB TaK, YTO He HAMAETCA Iapbl
TOUEK OJHOTO IIBETA HA PACCTOAHUM 1 APYT OT Apyra.

> 6.113. JlokakurTe, UTO €CJM IIJIOCKOCTh OKpallleHa B TPM I[B€Ta, TO OAMH M3 3TUX IL[BETOB
peannsyer Bce paCcCTOSHUS, TO €CTh AJI KaXKA0T0 d HAMIAYTCS ABE TOUKY 9TOTO IIBETa HA PACCTOSTHUN

d.
6.10. HaGopbI BEKTOPOB.

> 6.114. Ha niiockocTy JaHO 1 BEKTOPOB A1, A2, . - . , Gy VI3BECTHO, UTO UX AJIMHBI HE IPEBOCXOIAT
1. Jlokakure, 4TO MOKHO TaK PacCTaBUTh 3HAKNU + M — BMECTO * B BBIPAKEHIU

a1 % Qg * ... % Ay,
YTO MOAYJIb UTOTOBOTO BeKTOpa OymeT He OGosee \/5

> 6.115. Ha mnockoctn mausl Touku Aq, As, ..., A, n toukn By, Bs, ..., B,. Jokaxure, 4To
TOUKM B; MOKHO IlepeHyMepoBaTh TakK, UTO [JIS BCeX ¢ 7 j OyaeT BBIIONHATHCS (MMeeTcs B BULY
CKaJISIpHOE IIPOM3BeIeHIIE€ BEKTOPOB):
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6.11. Jlemma MUHKOBCKOTIO.

> 6.116 (Jlemma MuHKOBCKOTO). [JOKa)XNTe, UTO CMMMETPUYHOE OTHOCUTEIBHO Hayaia KOOpAUHAT
BBIITYKJIOE MHOKECTBO Ha KOOPAMHATHOI IIJIOCKOCTH, ILIOIIaAb KOTOPOro Oosblie 4, comepKuT
XOTs ObI OHY TOUKY C L[eJIBIMI KOOpAMHATAMM, KpOMe Hauaja KOOpAMHAT.

Ha camoM pesne jeMMa MIHKOBCKOTO II03BOJIAET 3aMEHUTh TeopeMy 2.59 IIpU NOKa3aTeIbCTBE
MHOTUX (pakTOB 13 Teopuu umcel. B kauecTBe ympakHeHMsT MOYKHO ITOIIBITATHCS IIPOBECTY TOKa-
3aTeJbCTBa TeX (PaKTOB, Ife MPUMeHsIach TeopeMa 2.59 ¢ IIOMOIIbI0 JIeMMbI MIHKOBCKOTO.

> 6.117. Ha miockocTu HapMCOBaHbI KpPYTM pagmMyca r ¢ LeHTpaMI BO BCeX I€JI0YMCIeHHBIX
TOYKaX, KpoMe Hadaja KoopAamHaT. [[oKaXUTe, YTO €CJIM OTPe30K, OAVMH U3 KOHIIOB KOTOPOTO
HAXOJUTCS B HaUaJle KOOPUHAT, UMeeT IJINHY, GOJIbIIYIO 1 /7, TO OH IepeceKaeT OMUH U3 KPYTOB.

6.12. IIoKpbITHSA U YIIAKOBKIL.
D> 6.118. [JokaskuTe, UTO MHOTOYTOJIbHUK IlepuMeTpa 1 MOKHO HAaKpBITh KPYyTroM AMaMeTpa %

> 6.119. Kpyr pagmnyca 1 MOKpBIT ceMbIO OAMHAKOBBIMU KpyraMiu. [IOKa)XITe, UYTO UX paNyCchl He
MeHee 1/2.

> 6.120. [lokakuTe, UTO €CIM B eJMHNIYHBIN KPYyT Bie3aloT Oe3 HaJoXeHUII 6 Kpyros paguyca r,
TO B HETO BJIe3aeT U 7 TaKUX KPyTOB.

BBeném onpeneneHusd:

Onpenenenne 6.121. ﬂuamempom MHOKecTBa X Ha IUIOCKOCTY Ha3bIBA€TCI MaKCUMaJILHOE pac-
CTOAHNA MEXOY r[ap0171 ero Touek. MoxHO AOKa3aTh, UTO €CJIM MHOKECTBO OTPaHMUYEHO VI 3aMKHY-
TO, TO y HETO €CTh AMMaMETDP.

Onpenenenmne 6.122. [Iupunoii ¢ HanpasieHuu npsmoti { 3aMKHYTOTO BBIITYKJIOI'O0 MHOXecTBa X
Ha IUIOCKOCTY HasbIBaeTCs MJIMHA IIPOEKLMY 3TOTO MHOXKecTBa Ha mpamymw (. IIpocto wupunotil
MHOecTBa X Ha3bIBaeTCS MIHUMAaJIbHAA II0 BCEM HAIIpaBJIEHNEM IIVPUHA.

Ynpaxcnenue 6.123. J[JokaxuTe, UTO [JI 3aMKHYTBIX BBIIYKJIBIX MHOKeCTB X 1 Y yTBep)KIeHMUs
PaBHOCUJIBHBI:

1) HIupuua X B 1:060M HanpaBIeHUN He IPEBOCXOAUT IIVPUHBI Y ;

2) X + (—X) CY + (—Y) (umeercs B Buny cyMMa MUHKOBCKOTO).

> 6.124. ,HOK&)KI/ITC, YUTO KOHEUHOE€ MHOKECTBO AMaMETpa 1 Ha JIOCKOCTM MOKHO IIOKPBITh KPYTOM

pazmyca 1/+/3.

D> 6.125. [lokakuTe, UTO BO BCAKOM BBINYKIOM MHoroyroabHuke N/ Haitmércs touka () Takad,
uyto Beskas xoppa AB 3 O (to ectb oTpe3ok ¢ KoHIamu Ha rpannue M) nemmrces Toukoit O B
orHomrennun 1 : 2 < a < 2: 1.

> 6.126. Ha miockocTu JaHO KOHEYHOEe MHOKECTBO TOUeK X I IIPaBMIIBHBIN TPEYTOJIBHUK 1.
V3BecTHO, UTO JIF00BIE ABEe TOUKM M3 X MO>KHO ITOKPBITH ITapajuieabHbIM IepeHocoM 1. [lokaxure,
YTO BCe MHO>KeCTBO X MO>KHO ITOKPBITh TpeMs IIapaJuIeIbHBIMI IlepeHocamMu 1 .

> 6.127. Ha miockocTu JaHO KOHEYHOEe MHOKECTBO TodeK X I IIPaBMIIBHBIN TPEYTOJIBHUK 1.
V3BecTHO, uro nr00bIe k£ < 9 Touek 3 X MOKHO ITOKPBITH ABYMS ITapaJUIeIbHBIMU IIepeHOCaMU
T'. loka>kuTe, YTO BCe MHOKeCTBO X MO>KHO ITOKPBITH JBYM ITapajlIeIbHBIMU IepeHocaMm 1.

> 6.128. Ha niockocTy pacIiosioskeHO KOHeUHOe MHOKeCTBO TOUeK, pacKpallleHHbIX B TPU IBeTa
TaK, YTO Ka)KIBLI I{BET UCII0JIH30BaH. PaccTossHIE MeXAY TI0OBIMIL IBYMSI TOUKAMU Pa3HbIX [[BETOB
He Gostee 1. [loKasKuTe, UTO TOUKU OJJHOTO U3 LIBETOB MOKHO IIOKPBITH KPyroM paguyca 1/ V3.
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D> 6.129. [lokaKuTe, UTO B JIFOOOJ BBIITYKJIBIII MHOTOTPAHHUK B IIPOCTPAHCTBE MOXKHO ITIOMECTUTD
MHOTOTPAaHHUK, TOMOTETUYHBII MCXOTHOMY ¢ Koadduumentom —1/3.

D> 6.130. Tetpasap cogepsxutcs B chepe nuamerpa 1. [JokaknTe, YTO €ro MOYKHO IIOMECTIUTH MEXIY
IBYMs [apajiiebHBIMI IIOCKOCTAMI, PACCTOSHIIE MeXKTy KOTOPBIMU paBHO 1/4/3.

> 6.131. JlokakmuTe, UTO KPyT AMaMeTpa 1 HeJb3d IOKPBITH IOJIOCKAaMIM, CYMMapHas IIMpIHA
KOTOPBIX MEHBIIIE 1.

D> 6.132. Ha mockocTu JaHO 1 KpyroB pammycoB [y, Ro, ..., R,. Ilpu aToM He cyIecTByeT
IIPsIMOIA, KOTOpasi He IepeceKkasa Obl HI OOUH 13 9TUX KPYTOB U JeJniia 6bI MHOXKECTBO KPyTroB Ha
IBa HEIIyCTBIX MHOeCTBA. [loKaKkuTe, YTO 3T KPYTU MOKHO IOKPBITh OOHVMM KPYTOM pajmyca
Ri+ Ro+ ...+ R,.

6.13. Pa3HbIe 3agaull.

D> 6.133. B nmpocTtpaHcTBe maHbl 6 Touek 0011ero monoxeHus. [JoKkakuTe, UTO MX MOKHO pa3OUTh
Ha JIBe TPOMKM TaK, UTO TPEeYTOJIbHUKY, COCTaBJI€HHBIE 113 9TUX TPOEK 3alleIlIeHbI.

> 6.134. B nmpocTpaHCcTBe MaH BBINYKJIBII MHOIOTPaHHMK I TOUKAa BHYTpU Hero. [loKaKnuTe, UTo
yepes3 3Ty TOUKY IIPOXOANUT IIpsMas, He IepeceKarolllasd BHYTPEHHIX YacTell rpaHell MHOTOTpaH-
HIUKA.

D> 6.135. [loKaKmTe, YTO eIy MPSAMOYTOJNBHBIN Napayenenumnes 11; comepXuT mpaMoyroIbHbII
napaienenumnen I, To cymma nms cropon 11; He MeHee cymMmBbl numnH ctopoH 11, Bepro i aTo
YTBEpKJI€HNIE, €CIIM MapalleJIeNIIIe bl HEIIPAMOYTOJIbHbIE?

D> 6.136. laH HeKOTOpbII MHOTrOrpaHHMUK. [lo TpaHMIle Ka>kA0M I'paHy MHOTOTPAHHUKA ITOJ3ET
MyXa, TaK UTO €CJIM CMOTPETh Ha 3Ty IpaHb CHAPYKM, TO OHA JBIDKETCHA IIO YAaCOBOU CTPEJIKE.
CxopocTu Bcex MyX HEIIOCTOSHHBI, HO He MeHee 1 MM/c. [loKaXXuTe, UTO KOria-HIOYyOb KaKye-TO
IB€ MyXV BCTPETATCH.

> 6.137. Ha nimockocTu maHbI 1o TOUEK. [lOKaKuTe, UTO MOKHO HapMCOBATh 71 YIJIOB YIJIOBOM MEPHI
I10 27” Ka)K[Iblil, BEPILIMHBI KOTOPHIX HaXOAATCSA B JAHHBIX TOUKaX (B KaXXIOJ 10 OJJHOI BepIlLNHe)
U1 KOTOpbI€ MOKPBIBAIOT BCIO IIOCKOCTb.

D> 6.138. Ha nmockocTu maHblI 1 TOuek. JloKaKuTe, UTO MOKHO HapMCOBATh 7 YIJIOB YIJIOBOM MEPHI

o 27” Ka’K[IbII1, BEPILINMHBI KOTOPBIX HAXOMAATCS B JAHHBIX TOUKaX (B KaKIOII 110 OJTHOI BepIIIHE)

71 KOTOPBIE IIOITapHO HE IIEPECEKAIOTCA 110 BHYTPEHHNIM TOUKAM.
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7. IlpousBopsiye GpyHKIUN

7.1. CtenenHsble pagpl. HauneMm c onmpeneneHns MpOCTENIINX IIPOMU3BONAIINX (PYHKIMIL, BO3-
HUKAIOIMX IIPU IIePeUNCIeHNN KaKUX-I1M00 KOMOMHATOPHBIX 0O BEKTOB.

Omnpepnenenne 7.1. Ilyctb A — HEKOTOpPOe MHOKECTBO, 9JIEMEHTHI KOTOPOTO HA3bIBAIOTCS KOH-
pueypayusmu, m w : A — 7 — Hekoropas QYHKLIUA, KOTOpAs HA3BIBAETCS 6€C060U PyHKyuel
(mmu mpocro secom). Torma mpousBogsaielt GyHKIMEN, COOTBETCTBYIOMIEN A U w, Ha3bIBAETCSI

CJIeqYyIollee BbIpa’KeHIIE:
faw(z) = Z (@)

acA
3ameuarue 7.2. OGpIuHO GbIBaeT YHOOGHO, UTOOBI ATOT PSAL CXOMUIICS IIPU BCEX T VUM XOTS ObI IIpU
|z| < R (R > 0). Torga aTo BeIpa)KeHMIE JEVICTBUTEIBHO SIBIISETCSI HEKOTOPOI (PyHKIIMEIL.

Hagum onpeneseHN:

Omnpepnenenne 7.3. MuoxectBo kKoHuryparmit C' ¢ BecoM w3 Ha3bIBaeTCS MPOU3BEqeHIIEM MHO-
xectB A m B ¢ Becamu w; U Wy COOTBETCTBEHHO, eciu C' — 310 MHOXecTBO map (a, b), roe a € A
ub e B (roects C = A X B) u npu stom ws(a, b) = wy(a) + wy(b).

Omnpenenenne 7.4. MuoxxecTBo KoHpurypamuit C' ¢ BecoM w3 Ha3bIBaeTCI CYMMOI MHOXeCTB A
u B ¢ Becamy wy 1 wy cOOTBeTCTBeHHO, ey (' siBiIsgercs o0beAMHeHNeM MHOKecTB A 1 B u ipn
aToM w3 (c) paBHO w (¢) Mnm ws(c), B 3aBUCUMOCTI OT TOTO, B KAKOM 13 MHOXecTB A i B exxur
c.

CdopmyinupyeM OCHOBHBIE TEOPEMBL:
Teopema 7.5. Ecru muoxecmeo C' — npoussedenue muoxecms A u B, mo
fe(@) = fa(z) f5(z).
Teopema 7.6. Ecnu mHoxecmeo C' — cymma mHoxwecme A u B, mo
fe(z) = falz) + [B(2).
Ynpasxcnenue 7.7. [JokasaTb 3TU T€OPEMBI.

C IOMOIIIBIO 3TUX TeOpeM MOXKHO HaIlMCaTh IIPOM3BOMAIIYI0 (PYHKIMIO [JIT MHOKECTBA BCEX
IIOAMHOKECTB HEKOTOPOT'O 7N-3JIEMEHTHOTO MHO’KECTBA, BECOBOV (PYHKI[MEI IIPY 3TOM SABISIETC
KOJIMUECTBO 3JIEMEHTOB B IIOJMHO>KeCTBe:

flx) = (1 42)"
Ynpaxcnenue 7.8. Jlokaxkure 3Ty GopMyILy, UCIIONb3ys TOT GakT, uto eciu A N B = (), To mHOXKe-

crBo mogMHOXecTB A U B siBiisieTcst pomsBeileHIeM MHOKECTBA IIOAMHOKECTB A ¥ MHOKeCTBa
IOIMHOKeCTB B.

Ecmu 0603uaunTs yepes C* kommuecTBo k-371€MEHTHBIX OMHOKECTB MHOKECTBA U3 1 3JTe-
MEHTOB, TO MBI ITOJTyuaeM HopMyITy

(I+2)" =) Ciat,
0<k<n

KoTopas Ha3bIBaeTcs OuHOMoM HpioToHa. /{7151 ymoO6CcTBa MBI BCerjia CUMTaeM C’,’;’ =0,ecau k < 0,
k>nwmmun <0.
C nomosio 6mHOMa HBI0TOHA JIETKO pelraroTcs cleayoiye 3aIaun:

> 7.9. Haligure 3HaueHNs BhIpaKEHU

Xn: kCF.
k=1
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> 7.10. Haitnure 3HaueHU BbIpaK€HUS

zn: k2Ck.
k=1

D> 7.11. Haitnure 3HaYeHU BbIpaKE€HUS

>
—~k+1
3ameuanue 7.12. Popmyiry 6uHoMa HeroToHA MOXHO AuddepeHIPOBaTh M MHTETPUPOBATh.

> 7.13. Joxaxure GpopmMyiry

n
> (O =y,
k=0

PaccmoTpuM cireyrolnyro IIpoCcTyIo 3ajady:

Ynpaxcuenue 7.14. [Joxasats popmyry
Ck — 2n71
E n .
k=0 mod 2

[TorpoOyiiTe aHAJIOTMUHBIM METOJOM PELINTH CIeAYIOIIYI0 3a0auy:

D> 7.15. Hajinure 3HaueH1e BhIpa)KeHUS
k
y ok
k=0 mod 3
3ameuanue 7.16. Haiitu 3HaueHMe O3HayaeT MOJYUUTHh CPaBHUTEIHHO yHOOHYI0 dopmyrny Ges
3HAKa CyMMBI.

BBeneM cienyrolee onpeneaeHne:

Omnpepnenenne 7.17. Yucnom ®nbonauun fi (k > 0) Ha3pIBaeTCs KOIMUECTBO IIOCIIETOBATEIHHO-
CTell U3 HyJIell ¥ e JMHAI] JUINHEI £, B KOTOPBIX HUKAKAas I1apa eIVHULI He CTOUT PSIOM Y e IVHII[bI
He CTOAT HIU B Hauajie, HM B KOHIIE T0CJIeI0BATETIbHOCTIA.

3ameuanue 7.18. YcioBue, UTO eAVHUIIBI He CTOSAT B Hauvajle ¥ KOHIIE He CyILleCTBEHHO, HO OHO
BBeJIEHO JIJI TOTO, YTOOBI HyMepanus unces PrboHauyn coBana ¢ oouenpmnHsaToil. Takxe B 3TOM
OIIpeJeIEHNY CUUTAETCS, UTO IIyCcTas IOCIIeA0BATEIbHOCT €My He YA OBJIETBOPSIET.

Haitnem COOTBETCTBYIOLIYIO IIPOU3BOAALLYI0 PyHKIMIO F' (7).

Ynpaxcnenue 7.19. PaccMmoTpuTe mocaeqHme 3J1€MEHTBI B HEKOTOPOI IOCIJIEIOBATEIbHOCTI U3 HY-
JIell I eAVHUL ¥ JOKKITE COOTHOIIEHIEe

Je = foo1 + fr—z

g k > 2.
V3 nmpenpiayiiero ynpakHeHNs CIEAYET, UTO
fot® = fraa® + foooa®
npu k > 2. Cymmupysd o k noiryyaem

Z kak = Z fk—lxk + Z fk_gxk.

k>2 k>2 k>2

HNuaue
F(z) —x = 2F(x) + 2°F(x),
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OTKyJa Cpa3y BBIBOOUM
x

Flz)= ——.
(z) 1 —x—a?
D> 7.20. Mlcronp3ys ckasaHHOE BBIIIIE, JOKaXNUTe GopMyTy
[ o=
$1— 2’
1+5
5

3ameuanue 7.21. [{1g 9TOTO HYKHO pEINTh YpaBHEHIIE

1—az—22=0.

roe ¢1,2 =

[TocnemoBarenbHOCTh PUOOHAUUY HOMTyCKaeT pasHble 0000IIeHNS.

D> 7.22. JIOKa)KITe, UTO eCIIV AJISI IIOCTIEA0BATEIBHOCTH Gy, (1 2> () M HEKOTOPBIX UMCEII C1, Ca, . . . , Cy
BBINIOJIHsETCS popMyIia

Ap = ClOp_1 + Colp_o + ...+ Coln_g, 1 =1,

TO MMEET MECTO COOTHOIIECHME

n_ P(x)
apx’ = 7
l—cz—...—cx
k>0

rae P(z) — MHOrOwIeH creneHn MeHblLel, ueMm .

D> 7.23. Haitmure KOJMYECTBO IIOCJIeOBATEIPHOCTEN U3 HYJIEN M eIVHUI IJIVMHBI Kk, Y KOTOPBIX
HIUKaKMe TPU eqVHUILBI He UAYT IOApAA.

B npenpinyieit 3amaue oTBET MOKHO IIPEACTABUTD B BUE IPOU3BOMASIIE PYHKIUN.

T 7.24. Kak mocumrath Ha KOMIIBIOTEpPE UNCIO () M3 IpPeabIAylleil 3amaum 3a mopsaka Ink
oIepanui.

BepHemcst k OHOMMANbHBIM K03 duimeHTaM. Mo)XKHO BBeCT! OIIpejesieHe IpON3BOIIIIe
GyHKIUM OT ABYX IlepeMeHHBbIX, eCJIU Ha MHOKeCTBe KOH(UTypaluit BBeJeHbI IBa Beca. B kauecTBe
IpuMepa pacCMOTPUM MHOKECTBO ITOCIeqOBaTeIbHOCTEN 13 HYJIell U eAMHUI], B KOTOPBIX OINH
BeC — ee JJIMHA, a PYTOJl — KOJIMUECTBO eIMHUI] B II0CTIeA0BaTeIbHOCTI.

D> 7.25. JJokakuTe, UTO COOTBETCTBYIOLIAS IIPOM3BOASIIAs QYHKIUS MeeT BUL

1
Flz,y)= Y Chaty'= ————
o 1-y(l+x)

C IIOMOIITBIO0 3TOTO MOKHO PELINTD CIENYIOIIYIO 3aauy:

> 7.26. Jlokaskure, uto ais umcesn ®uboHAaUUM f; BBITIOJIHAETCH TOKIECTBO
k
fn—i—l = E :Cn—k
k

Bor emre onna 3amaua Ha 3Ty TeMy:

> 7.27. Haittu cymmy (n > 0)

n k
E :Cn—‘rkx :

k=0

3ameuanue 7.28. Pasnoxute hopmyiy 3agaum 7.25 IO CTEIIEHIM Z.
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Z Ch a”.

k>0

> 7.29. Haittu cymmy

I[TepeiineM Tenepb K HEKOTOPBIM APYTUM IPOM3BOASAIINM QYHKLIVAM.

> 7.30. IIycTs S,, — MHOXeCTBO ITepeCTaHOBOK UIMCes OT 1 1o n, a L(O’) — KOJIMYECTBO OeCIIOPSIAKOB
npu nepecraHoBke o. (Becropsmok — 3To mapa uncen © < Yy TaKUX, UTO a(a:) > a(y)) Hoxakure,
YTO IMPOMU3BOAAIIAsT PYHKIUS IMeeT BI/:

S @ =1+ +a+) (gt g,

O'ESTL

3ameuanue 7.31. 3mech UCIIONIB30BaHa IIepeMeHHas ¢, TaK KaK OOBIUHO 3TO BBIpa)KeHIIe Ha3bIBACTCS
¢-bakTopuanom n o6oznavaercs n!,. IIpu ¢ = 1 aTo BeIpaskeHMe qaeT OOBIKHOBEHHBII (aKTOpHAIL.

Onpenmenenne 7.32. Onpenenum ¢-6uHOMMANBHEIE Koaddumentsr CF(g) cremyromum obpa-
30M:

(1+2)(1+qr)...(1+q'2) = 3 Ch(g)g" T a*.

D> 7.33. [lokakure ciieyIOLIVie CBOICTBA 3TUX KO3PPUIIMEeHTOB:
Ch(q) =" Cy=1(q) + C_1(q),
n!
Chq) = 7,
Ely(n — k),
Chq) = Ci 7 (q).
> 7.34. lokaxure popmyay (|q| < 1)

k2 4k

ky q 2
[o+d) =143 =

k>1 k>1

3ameuanue 7.35. Ota popmyia HOIyCKaeT Kak anredpamdyeckoe, Tak ¥ KOMOMHATOpHOe OKasa-
TE€JIbCTBO.

BBenéM B paccMOTpeHUeE CIeayollye umciua:

Omnpenenenne 7.36. Ilyctp p(n) — KOMMUECTBO PasIUMUHBIX (C TOYHOCTHIO O IEPECTAHOBKMN)
IIPEe/ICTaBJIEHMIT YNCIIa 1 B BUJE CyMMbI HATYPAJIbHBIX Yycell, a d(n) — KOJMUECTBO PasiINyYHBIX (C
TOUHOCTBIO OO HepeCTaHOBKI/I) HpeJ:[CTaBJIeHI/IIZ YUuIcCiia 11 B BUAE€ CYMMBI PA3JINMUHbIX HATYPAJIIbHBIX
uncen. [lonoxum takxe p(0) = d(0) = 1.

D d(k)at =T+ b,

> 7.37. [lokaszaTb GOpPMYJIBIL:

k=0 k>1
1
S uet =TT
-
k>0 k>1
> 7.38. Hoxaxure popmyiry
1
ky
H<1+$ )_H 1 — gp2k—1"
k>1 k>1

KaxoMy yTBep>kaeHNI0 0 pa3bueHNAX COOTBeCcTBYyeT ata popmyna? KakoMy yTBepKIeHIIO COOT-
BETCTBYeT paBHOCUJIbHAs eil popmyia

[T

k>1 k>1
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Jlist uncen p(n) cyuiecTByer 3ameuaTebHas popMyIIa, IO3BOJISIOIAst 3P (PEKTUBHO UX BBIUMC-
JATH:

T 7.39. dokakute TOXAECTBO Jiyiepa:

[[a-d)=1+ Z(—1)k(q3k1"“ +q%2).

k>1 k>1

3ameuanue 7.40. ETo MOXHO OKa3aTh, €CJIM J0Ka3aTh OoJiee 0OIIIee TOXKIECTBO

H(1 B q3l*2x)(1 . q3l’1x’1)(1 o qu) _ Z<_x>kq3k22—k.

>1 kEZ

U IIOJIOKUTD & = 1. DTOT BapMaAHT CBA3AH C JOBOJIBHO HYTHBIMM BBIUVCICHUAMI.

CymiecTByeT 1 KOMOMHATOPHOE HOKAa3aTeJIbCTBO TOKAECTBa Jiljepa, OCHOBAHHOE Ha MHTEp-
IIpeTalMy JIeBOJ ero YacT! KaK pasHOCTY MEKAY KOJIMUECTBOM pa30OMeHMit 1 Ha YeTHOe UMCIIO
Pa3IMYHBIX CIaraeMbIX U KOJIMUECTBOM pPa30MeHN I 12 Ha HeUeTHOE YVICIIO PA3JIMUHBIX CJIaraeMbIX.

Ynpaxcnenue 7.41. C nomolbio ToKaecTBa Jiljiepa JoKaxure, 4To npu n > 0
2 2
p(n) = (=1 (p(n — 25E) 4 p(n — #5HE)),
k>1

cunras, uro p(m) = 0, eciu m < 0.

7.2. Pape1 Qupuxie. Tenepp mepeitneM K ApyroMy TUILy IPOM3BOAAIIMX (PYHKIIUIL, KOTOPBII
BCTpeydaeTcs B TEOPUM UMICEJL.

Onpenenenne 7.42. Panom [upnuxie GyHKUMM @ HATYypaJIbHOTO apTyMeHTa Ha3bIBaeTCS BBIpa-
KeHue

neN
npu arom ecnu |a(n)| < Cn' nus nekoropeix C' > 0 1 ¢, TO 3TOT AL ABILETCA PEANBHOI QyHKIMET
IepeMeHHOI s >t + 1.

3ameuanue 7.43. Ha camom meste mpu Re s > ¢ + 1 ara pyHKUMS IBIAETCS aHATUTIYECKON PYyHK-
el KOMIUIEKCHOI IIePEMEHHOMN S.

BBenem errie oqHO oIlpeeIeHNe:

Onpenenenne 7.44. Pynkuusa [ HaTypaJbHOTO SIPryMeHTa Ha3bIBAETCS MYJIbTUILIMKATUBHOI,
€CJIN JJI BCeX B3aMIMHO IIPOCTBIX 11 U 11 BBIIIOJIHAETCH:

F(nm) = F(n)f(m).
Ynpaxcnenue 7.45. [Jokaxute, 4T0 ecnut f MyJIbTUILIMKATUBHA, TO
Dss) = I ST+ o + FP >+ ).

n
neN peP

3nech P — MHOeCTBO IIPOCTBIX YMCEIL.

Onpepenenne 7.46. [(zera-¢pyuxumeit ((s) HaspBaercs psag Hupuxie f(n) = 1:
1 1
C(S) _;E —];Il_p—s'
Paccmorpum takke QyHKIIMIO

0, ecmum Jp:p?|n,

p(n) =
(—D)F, ecnm n=pipy... .
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3neck p? | n o3nauaer: p® memut n. OHa MyJIBTUILUIMKATUBHA U ee psj Jupuxiie

uls) = SO T - p)

ns

> 7.47. [lokakute, 4TO pAn

PacXOaMUTCA.

> 7.48. [Jokaxxure, UTO AJII MYJAbTUILIMKATUBHEIX f, g M h

Dy(s)Dy(s) = Dn(s)

Z f(d)g(n/d).
> 7.49. [lokaxkuTe, uTo ecnu f u g MYJIBTUININKATVIBHBI

=> g(d)

dln

= f(d)u(n/d).

din

PaBHOCUJIBHO TOMY, UTO

TO

> 7.50. lokaxkute, 4TO (4(n) — ITO CyMMa NPUMUMUGHbIX KOPHE N-JI CTEIIeHN U3 eMHUILBL.
[IpyMMUTHBHBIE KOPHM U3 €AMHULBI — 9TO KOPHU MHOTOWIeHa feneHus kpyra O, (x).

> 7.51. JlokakuTe, 4TO
(o)
Z p(n) _
n=1 n

T 7.52. [lokaxkure, 4TO

i pu(n)

cxoxpures pu Re s > %

Omnpepenenne 7.53. Ilycts ©(n) — KOJMUECTBO HATYPAIBHBIX UNCEN MEHBIIMX 7 Y B3aUMHO
npocThIX ¢ 1, (1) = 1. Ira PpyHKIM HasbIBaeTCa PyHKyuei Jinepa.

> 7.54. Joxaxmure, uTo PyHKUMS Jiliepa My IbTUILINKATUBHA.
> 7.55. JIoKaKuTe, UTO N = de o(d).

> 7.56. JlokaxuTe, 4UTO
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8. IIpoekTmBHAasA reoMeTpus

8.1. IlpoeKTUBHEBIE IIpeoOpa3oBaHNUA IIPAMOIL.

Onpepenenne 8.1. Ilycts Ha yuciaoBoi npsamoit 3agana ¢pyukums suna f(xr) = ——. Ecin

cr +d

ad — be # 0, To 3anaBaemoe 31011 QpyHKIMEN oTOOpakeHme  — f () HA30BEM OUPAYUOHATLHBIM
omob6pasicenuem IPSIMOIL.

Ecnn x npsiMoit fo6aBUTh 6ECKOHEUHO yAaIEHHYIO0 TOUKY M CUNTATh % =oonu é = 0, To 6upa-
I[MIOHAJIbHBIE ITpe0bpa3oBaHMs CTAHOBATCS B3alIMHO ONHO3HAUHBIMU IIpe0Opa3oBaHUAMIU NpoeK-
MUGHOTU NPAMOT, TTOTYUAIOIIeIICS U3 OOBIYHON IpIMOTl GOPMaIBHBIM H0OaBIeHNIEM OeCKOHEUHO

YOAJIEHHON TOUKH.

Ynpaxcnenue 8.2. IlenTpanbHas NpoeKUMs OAHOIN IPSAMOI Ha IIJIOCKOCTM Ha APYTYIO SBIIFETCH
OVpanOHATBHBIM IIpe0Opa3oBaHUEM.

Ha camom fesie BepeH Gostee o61imit paxr:

Teopema 8.3. Ecnu payuonanvHoe omobpaxcenue npsamoi (3a0asaemoe payuoHanvHoll ¢yHKyuet)
umeem ob6pamuoe PayUOHAIbHOe, Mo 3Mo OUPAYUOHATIbHOE NPeobPa306aHUe.

9ta T€opeEMa IT03BOJIFAECT BO MHOI'MX CIIyUadx, KOTaa y,uaéTcsI T€OMETPUUECKN IIOCTPOUTD IIOUTU
BCrOOy (KPOMC KOHEYHOTO YmIciia TOqu) B3aIMHO OJHO3HAUHOE 0T06pa>1<eﬂme MeEXOy IIPpAMbBIMI,
CUNITAThb 3TO 0T06pa>KeHI/[e 6I/IpaLII/IOHaJIbeIM HpeOGPaSOBaHI/IeM.

B CIEAYIOINX 3aJavdax pacCMaTpMBAOTCA OCHOBHBIC CBOJICTBaA 6I/IpaI_U/IOHaJIbeIX Hp606p830-
BaHUN:

> 8.4. lokaxure, 4TO GMpanMOHAIBHOE ITpeoOpa3oBaHUe MPSIMOIl OTHO3HAUHO OIpefesIseTcs
o6paszaMu TpEX TOUEK.

Onpenpenenne 8.5. [[a ueTbpéx pasnuunbix Touek A, B, C, D Ha mpaAMoi TBOHBIM OTHOIIIE-
HIUIEM HA30BEM Bpra)KeHI/Ie
d(A. B, D)= 2B D
BC DA
roe OTHOILUECHMA OJINH BeKTOpOB 6CPYTC$I CO 3HAKOM MI/IHYC, €CJIT OH! HpOTI/IBOHaHpaBJIeHI)I. ECJII/I
OOdHA N3 TOYEK JIEKUT B 66CKOHCHHOCTI/I, cumuTraeM % = 1

Ynpaxcnenue 8.6. [lokakure, 4TO OBOJIHOE OTHOIIEHNE SABJISAETCA OupalMoHaNbHON (yHKIIME
KaK[IOTO apTyMeHTa IIpU GUKCUPOBAHHBIX OCTATbHBIX.

Ynpasxcrnenue 8.7. BeiBenute popMyIIBI, II0 KOTOPHIM IIpeoOpas3yeTcs ABOIHOE OTHOLICHNE IIPU
IlepeCTaHOBKAX UeTBIPEX TOUeK. B uacTHOCTM, HAac MHTepecyeT IpeoOpa3oBaHMs IUKINUECKOTO
CABUTA U IIEpeCTaHOBKI ITapbl TOUEK.

> 8.8. [okaxkmre, YTO OMpalMOHATIBEHOE npeo6pasoBaHme IIPAMOIL COXpAaHSIET ABOJHOE OTHOIIIE-
HIE U YETBEPKY TOYEK (A, B, C, D) MOYXHO IIepeBecT) OMpaIMOHAIBHBIM IIpeoOpa3soBaHUEM B
uerBépky (A, B',C’, D’) Torma u To1bKO TOrAa, KOTAa

d(A,B,C,D)=d(A",B',C", D).
> 8.9. Ilycts Touku A, B, C, D nexar Ha ogHoit ipsamoii, a touku A, B’ C’', D’ toxe nexar Ha

oxuol npsimoit. [lokaxkure, uto npsamble BB’, CC’, DD’ nepecekatorcs B OMHOI TOUKE MM BCE
MapaJulesIbHbI TOTAA U TOJIBKO TOTAa, KOTaa

d(A, B,C,D) = d(A, B',C", D).
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W3 nmpenpiayiein 3agauy MOKHO BbIBECTU M3BeCTHBIE TeopeMbl MeHesnada u YeBsl.

[TokakeM Terepb, UTO OKPYKHOCTM Ha IJIOCKOCTU U B Oojiee 00II[eM Ciayuae KpUBbIE BTOPOTO
MopAKa Ha INIOCKOCTY MOKHO B OIIPeJeJIEHHOM CMBICJI€ CUMTATh IPOEKTUBHBIMIU IIPSIMBIMIL.

Bo3pméM Ha OKpyKHOCTI S TOUKY P U IpsMyio { Ha IUIOCKOCTH, He IPOXOMAIIYI0 Uepes3 3Ty
TouKy. [lyist 106011 Touku p’ Ha OKPY;KHOCTUM PACCMOTPUM NPAMYIO m = pp’, ecnu Touku p u p’
COBIIAJAIOT, TO IIYCTh M — KacareidbHad K S B Touke p. [Iycth © — Touka mepeceueHus m u /£,
rapasiebHble IIPSIMble IepeceKaloTcs B OeCKOHeuHo yaanéHnHoil Touke. HazoBém oroOpakeHnme,
nepesopsiee p' B T [0 BBIIEYKA3aHHOMY IIPABIULY LIEHTPAJIBHOI poekuueit S Ha { ¢ eHTpOM

p.

Ynpaxcnenue 8.10. [lokakure, UTO IMPOEKUMI OKPYKHOCTI Ha IIPIMYIO U 0OpaTHOe K Heil 0ToOpa-
KeHIe B KOOpAMHATAX 3aJal0TCs PAllVIOHAIbHBIMY (QYHKIVIIMI.

Onpenpenenne 8.11. [Ing yeTbIpéx pasnmuasix Touek A, B, C, D Ha OKpyXKHOCTU JBOVIHBIM OT-
HOIIIEHJIeM Ha30BEM BBIpa’KeHIIe

ABCD
d(A, B, C, D) - :l:B_Cm’
rae 3HakK OI'IpeJIeJIHCTCH n3 CpaBHeHI/IH C KOH(bMTypaI_II/ICﬂ Ha HpﬂMOf/:[, rae TOUKM I/IJIYT B TOM XKe
HOpHJIKC..

> 8.12. JJokaX;Te, UTO LeHTpAJIbHAA IIPOEKLVIA IIEPEBOAUT JBOIHOE OTHOILIEHVE HA OKPYKHOCTI
B BOJIHOE OTHOIIIEHNE Ha IIPAMOI.

910 YTBEPKACHUIE II03BOJISIET JOKA3bIBATh pa3Hoo6pa3HbIe q)aKTBI 00 OTHOLIEHUIX OTPE3KOB,
CBA3aHHBIX C OKPY’KHOCTBIO.

>> 8.13. Mcnonb3ys mpeabIAyLIyIo 3a1auy, JoKaKuTe TeopeMy [ITosemest: st BIMCAHHOTO UeThI-
péxyronpunka ABC'D
AB-CD+ BC-DA=AC - BD.

> 8.14. Ilyctp Touka A neXuUT BHe OKpYXHOCTU S, KacarenbHble n3 A xacarorcs S B Toukax K u
L. IIycts npsamas ¢ mpoxogurt uepes A, mepecekaer S B Toukax B u C' u nepecekaer K L B Touke
D. Torna

d(A,B,D,C) = —1.

> 8.15. Ilycts Touka A jnesxut BHe OKpyxHOCTH! S, KacaTenbHble u3 A kacaiorcs S B K u L. Ilycts
npsimbie ¢ 1 m mpoxoasart uepe3 A u mepecekaror S ogHa B Toukax B, C, Bropas — B Toukax D, F.
Hoxaxknre, uro npsmsie BD, CE, K L nepecekaioTcs B OJHOI TOUKe VIIN ITapaljIebHbL.

Terneps M3yumm cieRyIOIINIT KJIacc GMpalIOHAIIbHBIX IIpeoOpa3oBaHMIL:

Omnpenenenne 8.16. IIpeobpazoBaHye 0 Ha30BeM OUPAYUOHATLHOU CUMMempueli, eCII 0 He TOX-
JIECTBEHHO, a 0 O 0 PaBHO TOXXIECTBEHHOMY IIpe0Opa30BaHUIO.

Ynpaxnenue 8.17. BupanuonanbHas cCUMMeTpUs 0 OJHO3HAUHO OIpeeNseTcsa obpasaMu ABYX
TOueK = u y, rae = # o(y).

OKaSBIBaeTCH, CUMMETPUIU JOCTATOUHO IIPOCTO OIIMCATh I10 UX IICIZCTBI/IIO Ha OKPY’XKHOCTMU:

Omnpenenenne 8.18. IlycTs TouKa p JeXUT BHe oKpyxHocTi S. OTOOpakeHue, cTaBsIIee KaKI0M
Touke p’ Ha S B cooTBeTCTBME ) — BTOPYIO TOUKY IepeceueHe npsamoit pp’ ¢ S (B ciryuae KacaHus
p’ = p'), HasoBéM cummempueii okpyxcHocmu S ¢ yenmpom p. Ecnu p nexxur Buytpn S, Oymem

TOBOPUTBH, UTO CMMMETPUA IIOJIOKIUTENbHAA, IHAUE — OTpUIaTEJIbHAA.

Ynpaxcnenue 8.19. [Joxaxure, YTO €CJIM IO3BOJINUTH LEHTPY CUMMETPUM ObITh OECKOHEUHO y[a-
JIEHHOJI TOYKOJI, TO TaKMM 00pasoM MOXXHO IIOJYUYNThH JIOOYI0 OMpalyOHANIBHYI0 CUMMETPUIO
OKPY>KHOCTH.
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Ynpasxcnenue 8.20. B xakux cirydasgx Ajisa CUMMETPUIL 0, U 0, C LIEHTPAaMU X U Y MIMEET MECTO
COOTHOILLEHNE T, O Oy = 0y O 047

Ynpaxcnenue 8.21. B KakoMm ciyyae KOMIIO3ULVA LIEHTPAIbHBIX CUMMETPUI OKPYKHOCTU TOXe
Oymer LeHTpaIbHON cuMMeTpueit? UTo Torma MOXKHO CKa3aTh O LIEHTPaxX 3TUX CUMMeTPUIL?

Omnpenenenne 8.22. IlycTs Ha IIIOCKOCTH faHa npsiMas ¢ u Touka p BHe e€. OToOpaskeHMe, CTaBsI-
II[ee B COOTBETCTBIE TOUKe & Ha Ipsamoli { Touky &' Ha npsimoii ¢ Takyto, uro yrosn Zxpx’ npsamoit,
HAa30BEM N080POMOM TIPAMOIL { BOKPYT TOUKM P Ha MPSIMOIL yTOJL.

Ynpaxnenue 8.23. Jlokakure, uTo j00ast MOJIOKUTETbHAS OMpaIOHATIbHAS CUMMETPIUS MOYKET
OBITH ITpeICTaBJIeHa IIOBOPOTOM IPSIMOIL Ha IIPSIMOI YTOJL.

> 8.24. B okpyxknHocts Bumcan wmectuyronbHuk ABC'DEF. [Jokaxure, YTO €ro AMAroHaJN
IepeceKaroTCsl B OMHOI TOUKe TOTa M TOJIBKO TOTa, KOTaa
AB-CD-EF
BC-DE-FA
> 8.25. Ha mpsmoit jexar mrects Touek A, B,C, D, E, F' B ykazanHOM mnopsake. [JokaxuTe,
YTO OKPY’KHOCTH, ITOCTpoeHHbIe Ha oTpe3kax AD, BE, C'F xak Ha AmaMeTpax, IIepeceKalTcs Bce
BMeCTe TOTJ{a ¥ TOJIBKO TOTa, KOTa

1.

AB-CD-EF

BC-DE-FA
D> 8.26. [lokaxuTe, YTO €CIM TOUKU ZT,Y,z JIe)KAaT He Ha OKPY>KHOCTM S M KOJUIMHEAPHBI, TO
KOMITO3MIMSA CUMMETPUI C IEHTPAMMI T, Y/, 2 — 3TO CUMMETPHS C HEKOTOPBIM LIEHTPOM ¢, JIEsKall M
Ha IIPIAMON TYZ.

1.

> 8.27. BriBenure u3 npensiayiel sagaun reopemy [lackans: ecnu rouku A, B, C, D, E, F' nexar
Ha okpykHoct,u X = ABNDE,Y = BCNEF,Z = CDNF A, totouku X, Y, Z KOJUIMHEApHBI.

> 8.28. Ilycrs Touku A, B,C, D, E, F nexar Ha ropusoHTanbHOI mpsamoit £. I1oyoKpyKHOCTh
¢ nuamerpom K L B BepxHei monyrurockoctu o6osHaunm H (K, L). IlycTh CyIecTBYIOT TOUKM
X =H(AB)NH(D,E),Y = HB,C)NH(E,F), Z=H(C,D)N H(F,A). Jokaxure, 4T0

X, Y, Z nexar Ha 0OqHOI OKPYKHOCTY JUIM IIPSIMOIL, IIepIIeHAUKYJIISIPHOIL (.

> 8.29. [lokaxknre, uto J1060€e OMpanoHaIbHOE Ipeobpa3oBaHye SIBISIETCS KOMIIO3UImelt Oupa-
LMOHAJBbHBIX CMMMeTpuil. [loKaKuTe TakKe, UTO 6YJICT IIOCTATOYHO He OoJree TPEX CUMMETPUI B
KOMIIO3VIINIA.

AHaJIOrMYHO OMpalMOHAJIBHBIM IIPeo0pa3oBaHMAM BellleCTBEHHOI ITPOEKTMBHOI ITPSMOIT MOK-
HO OIIpeJeJIUTh OVMpalIOHATbHbIe IIPpeo0pa3soBaHMa KOMILIEKCHON IIPOEKTIBHOI IPAMOI (KOTO-
PYIO MOXXHO CUUTATh IIOCKOCTBIO C J00aBIeHHOI GECKOHEUHO YIAlIEHHOI TOUKOI) Kak 0ToOpa-

b
KeHUd 2 — az—i_d,rne a,b,c,d € C, ad — bc # 0.
cz
W3 Toro, 4To 9TM MpeoOpa3oBaHms COXPAHIIOT JBOIHOE OTHOIIIEHNIE UETBIPEX TOUEK
(b—a)(d—c)
d(a,b,c,d) = ———= € C
(a,b,¢,d) (c—b)(a—d)

MOJKHO BBIBECTU YTBEPKIOECHUE:

Ynpasxcnenue 8.30. BuparmonanbHble IpeoOpa3oBaHM KOMIIEKCHOI IIPOEKTUBHON IPSIMOI CO-
XpaHAIOT OTHOIIIEHIIE

AB-CD
BC-DA

U CyMMY OPUEHTUPOBAHHBIX yIJIOB

Z(AB, BC) + Z(CD, DA).
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B yactHOCTH, TakMe IIpeoOpasoBaHMsA IEePEeBOAIT OKPY>KHOCTb IV IIPSIMYI0 B OKPY>KHOCTD VIIN
HpAMYIO.

D> 8.31. [lokakuTe HepaBeHCTBO IIToseMes i1 4eTBIPEX TOUEK Ha IVIOCKOCTU

AB-CD+ BC-DA > AC - BD

> 8.32. [lokaXuTe, YTO €CIM K OMpPaLMOHAIBHBIM IIpeoOpa3soBaHMAIM KOMIUIEKCHON IIPOeKTVIB-
HOII IIPSIMOJ TOGABUTH COIPSDKEHME Z — Z, TO IIOJYYMUTCSI MHOKECTBO BCEX IpeoOpa3oBaHMIA,
IIpeCTaBUMBIX KaK KOMIIO3MLIMY MHBepcuil. [JokakuTe, uTo J060e Ipeobpa3oBaHme KOMILIEKC-
HOII IIPOEKTUBHOJ IIPAMOIA, IIepeBOAAILeE OKPYKHOCTD VN IIPAMYIO B OKPY>XHOCTD WJIN IIPAMYIO,
3aJaéTcs B TAaKOM BUJE.

> 8.33. B tpeyrompuuke ABC nana rouka D rakas, utro ZBDC = ZBAC + 90°. Okasayocs, uTo
AD - BC
AB - DC = AC - DB. Harii _—
C almuTe 1B DC

8.2. HpoeKTI/IBHBIe npeoﬁpasoBaHI/m, OCTABJIAIOIIIVIE HA M€CT€e OKPYIKHOCTD.

OnpeneneHI/Ie 8.34. HpoeKmueHoﬁ NJIOCKOCM b0 HA3bIBAETCA MHOKECTBO IIPAMBIX, IIPOXOOAIIINX
Uepe3 HaAaYaJIO0O KOOpAMHAT TpéXMepHOI‘O IIpOCTpaHCTBA. HpHMbIe 3TOI'0 MHOJKXECTBa Ha3bIBAIOTCA
mouxkamu npoekmugnoa njpockocmu, IJIOCKOCTH, IIPOXOOAIINIE UEPE3 HAYAJIO KOOPpAMHAT, Ha3bIBa-
I0TCH NPAMbIMU npO@KmU6H012 nJjiockocmu.

Onpenesnenne 8.35. Ha 100071 IIIOCKOCTY, PACIIONOKEHHOI B TPEXMEPHOM IIPOCTPAHCTBE U He
cojieprKallleil Hauajio KOOpAMHAT, IIPOEKTUBHbBIE TOUKI U IIPAMBbIE BHICEKAIOT HACTOAIME TOUKI I
npsamble. Takas IIIOCKOCTD Has3bIBaeTCA agPurHol kapmoi. OHa CogepKUT Bce TOUKY IIPOEKTUBHOII
IJIOCKOCTY KpOMe OJHOI IPSMOIL, KOTOpas Ha3bIBAETCS OeCKOHeUHO YOaNIéHHOU NPAMOli B TAHHOI
Kapre.

Onpenenenne 8.36. [IpoexmuHbiMU Nnpeobpa306aHusmMuy HA3BIBAIOTCA IIPeoOpPa3OBaHMA IIPOEK-
TUBHOJ IIJIOCKOCTY, BO3HMKAIOII[ME V3 JIFOOBIX JIMHEHbIX IIpeoOpa3oBaHUII TPEXMEPHOTO IIPO-
CTpaHCTBa.

JI71s1 IIIKOJIBHOTO Kypca MOXKHO CUNMTATh, UTO JIMHeJIHbIe IIpeoOpasoBaHys — 3TO Ipeobpa3oBa-
HI, 3afaHHbBIe GOpMyJIaMm

/
= an + apy + a3z

/
Y = anx + axny + asz

/
Z = a3 + a3y + assz

C HEHYJIEBBIM JeTEPMMHAHTOM MAaTpPUIBI (a;;). sl Kaskmoro mpeobpasoBaHms eCTb 0OpaTHOE I
13 JII00BIX JBYX IIPe0Opa30oBaHMIT MOXKHO CAeJIaTh KOMITO3UI{MIO — TO €CTh OHM 00pasyIoT epynny.

Koopnunars! (z,y,2) B TpeXMEPHOM IPOCTPAHCTBE OyIdeM HAa3bIBATH OOHOPOOHbIMU KOOPOU-
Hamamu, a caMo 3TO IPOCTPAHCTBO — OOHOPOOHBIM NPOCMPArHcmeoM. [l TOUeK MPOeKTUBHOI
IJIOCKOCTY OMHOPOHbIE KOOPAMHATHI OIIpe/IeIeHbl C TOUHOCTHIO O YMHOKEHS Ha JI060e HeHY-
neBoe uncio. Takke MbI uacTo GygeM MCIOIb30BaTh apPUHHYIO KapTy, 3aaBaeMyI0 yCIOBUEM
z = 1, nns Heé CBSA3b MEKIY OTHOPOAHBIMU KOOPAMHATAMY 1 KOOpAuHATaMu (U, v) B apPUHHOIT
IIJIOCKOCTY 33 aéTCs TaK:

(u,0) = (u,v,1)
ry
(ZE, Y, Z) — (;a ;)
[IycTp Ha IJIOCKOCTM [AaHaA OKPYXKHOCTH S. BpibepeM cucTeMy KOOpAMHAT, B KOTOPOII €€ ypas-

HEHIUIE IMEET B
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[IpeoGpasyeM K OHOPOIHOMY BUY, TOT/A IIOJyUYUM ypaBHEHNUE B OHOPOJHBIX KOOPIMHATAX
Qz,y,2) =a* +y* — 2 =0.

[IpoeKTUBHBIE TIPeOOpPA3OBAHMs OCTABJIAIOT HAa MECTE€ OKPYKHOCTh TOTJIa M TOJIBKO TOTMa, KO-
IIa MpU IOJCTAHOBKe IpeobpasoBaHHBIX KoopamHat (x',y',2') B @ monyunmm Q(2',y',2") =
AQ(z,y, z), rie A — HEKOTOPOE UMCIIO.

3amernM, uTO B JaHHOM ciiydae A > (). 9TO MOKHO [OKa3aTh, €CJIU 3aMETUTh, UTO CyIIECTBYET
IUIOCKOCTh B OJTHOPOIHOM IPOCTPAHCTBE, Ha KOTOPoit () > 0 miist 11060ro HEHYJIEBOTO BEKTOpA I
He CYLIECTBYET IUIOCKOCTH, Ha KOTopoli () < 0 mis n060ro HeHy1eBOro Bekropa. s mpeobpaso-
BaHHOTO BeIpakeHus Q)(2', Y, 2’) 9T0 CBOVICTBO TOKE MOJKHO BBHIIOJHATHCS, a 3HAUMT A\ > 0.

YMHOK€eHIEe IUHEITHOTO MPeobpasoBaHs OMHOPOIHOTO IIPOCTPAHCTBA HA HEKOTOPOE YNCIIO He
BJIMsIET Ha IIOJIyYaroleecs MpeobpasoBaHie IPOEKTUBHOI IUIOCKOCTH, II09TOMY MOKHO CUMTATh,
uro A = 1.

HWrak, MbI Oy[IeM U3yuyaTh JIMHEIHBIE TPeoOpa3oBaHus, OCTABJISIOIIE MHBAPMAHTHBIM BbIpa-
xeHme (). MHOXeCTBO Takux InpeobpasoBaHuit o6o3HaunM L u OymeM HasbIBaTh TPEXMEPHOI
rpymmoi JlopeHIa, 10 aHAJOTUMU ¢ YeThIpEéXMepHOI rpymmoit Jopenna (13 ¢usukm) — rpyi-
TOJT TpeoOpa3oBaHMUIT MKy UHEPIIUATBHBIMI CUCTEMAMU OTCUETA, KOTOpast MMeeT MHBAPUAHT
2?4y + 22—t

3ameTum, uTo ecnu ObI MBI UMeTM HeNo0 ¢ KBampaTuunoit popmoit Q' = z2 + y? + 2 (3r0
CKJIIPHBIIT KBaJIpaT BEKTOPA), TO TOTMA Y HAC IOJIyuniach Obl He Tpyrra JIopeHIa, a 0pmozoHan-
Has epynna — TPYIIA OBVKEHUIT TPEXMEPHOTO IMPOCTPAHCTBA, OCTABIAIONIUX HA MECTe€ HAuajlo
KOOpIMHAT.

Ksagpatuunas popma (' I03BONIAET OTIPENENUTD e6KIUI060 CKATIAPHOE NPOU3EedeHUe

((901791, 21), (952792,2’2))/ =
1
= 5(@’(371 + 2o, y1 + Yo, 21 + 22) — Ql(fﬂlayh 2) — QI($2,y2, 29)) =

= T1%2 + Y1Y2 + 2122,

KOTOpoE IAET IIOHATIE IIEPIIEHONKYJIAPHOCTN BEKTOPOB B €BKJINIJOBOM IIPOCTPAHCTBE. ITo amamo-
Ty MOXKHO OIIpEneJINTDh

((xlvylu Zl), ($2,y2722)) =
1
= = (Q(z1 + w2, Y1 + Y2, 21 + 22) — Q(21, Y1, 21) — Q(72,12, 22)) =

2
= X1%2 + Y1Y2 — 2122,

OHO HAa3bIBACTCH CKATAPHLIM NpoussedeHuem 6 npocmparcmee MuHKo6ckoeo. ITO CKAJIIPHOE IIPOU3-
BefleHe OyIeT OCHOBHBIM MHCTPYMEHTOM B ITOCJIETYIOIUX PACCYKIEHIUIX.

Ecyut U1 ABYX BEKTOPOB OJHOPOIHOTO MPOCTPAHCTBA MMeeT MecTo (@, b) = 0 GyaeM roBOpHUTS,
UTO BEKTOPBI IEePIEHAMKYJIIPHBL. JTO OIpefdesieHNe He 3aBMCUT OT JOMHOKEHMSA KaKIOro 13
BEKTOPOB Ha HEHYJIEBbIE UNICTIA, 4 3HAUNUT Y HAC MOABJIAETCA CleqyIollee IIOHITHe:

Omnpenenenne 8.37. Ilapa Touek a u b IPOEKTMBHOI INIOCKOCTY HA3bIBAIOTCS NONAPHLIMU OTHO-
CUTEJIBHO OKPY>KHOCTH S, €CIIVM COOTBETCTBYIOILVIE M BEKTOPBI OJTHOPOXHOIO IIPOCTPAHCTBA G 1 b
MepHeHAVKYJIAPHBI B CKUIAPHOM IIPOM3BeAeHNN MITHKOBCKOIO, COOTBETCTBYIOIEM OKPYKHOCTI

S.

3ameTuM, UTO ypaBHEHNE OKPY)XHOCTM S B OTHOPOJHBIX KOOPAMHATAX MOKHO 3aIlMcaTh Kak
(3,5) = 0. Kak u B ciiyuae eBKIMIOBA CKAJSAPHOIO MPOU3BENEHNUsI, MHOXKECTBO BEKTOPOB, Iep-
MepAVKYJIIPHBIX JTaHHOMY, 00pa3yeT IIocKocTb. COOTBETCTBEHHO, MHOYXECTBO TOUEK, ITOJISIPHBIX
DaHHOII TOUKe 00pasyeT IMpsIMyIo, OHa Ha3bIBAeTCS NOJAPOl TOUKU. [loKaKeM JeMMYy:
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JIemma 8.38. [Tycmv { — kacamenvHas Kk okpyxcHocmu S 6 mouke p. Toeda npsmas { — nonsgpa mouku
.

Hokaszamenvcmeo. IlycTb ToOuke p COOTBETCTBYET BEKTOp P B OMHOpPOAHOM npocTpaHcTse. IlycTs ¢
— so6ast apyras Touka { ¢ COOTBETCTBYIOILIMM BEKTOPOM ¢. IIpeaIionoxum npoTnBHOE, TO €CTh

(p,q) =m #0.
5 7)) — _ (@a)
BeromunM, uto (p, p) = 0, Toraa momoxum n = -

(@—np,q—nq) = (7,9) — 2n(p,q) = (7,7) — 2nm = 0.
Uraxk, Mbl UMeeM BEKTOp ¢ = § — NP, HeKoJuIMHeapHsbIin p. COOTBETCTBYIOLIAs €My ToUKa ¢’ # p
nexxnt Ha { v Ha S — IpOoTUBOpeune. U

M3 31011 1€MMBI MOKHO BBIBECTH I CIEAYIOLIYIO JIEMMY, II03BOJIAIOIIYIO SBHO CTPOUTD IOJIAPY
TOUKI:

JIemma 8.39. Ecniu mouka p nexcum 6ne okpysxnocmu S, {1 uly — kacamenvHble K S, kacarwujuecs eé
6 MOUKax qi U ¢z u npoxodswue uepes p. Toz0a NOILPA MOUKU P — MO NPIMASL, NPOX0OAULAS Uepe3

q1 U qg.
Ynpaxcnenue 8.40. [lokaxuTe 3Ty JIeMMY.

M3BECTHO, UTO CYILECTBYET MHOTO €BKIMIOBBIX IBVIKEHMUI, OCTABIAKIINX HA MECTe HAayayo
KOOPAMHAT, II03TOMY MOKHO OKUaTh, yTo B rpymie JlopeHiia OymeT MHOTO IpeoOpasoBaHMIL.
HaunéMm cTpouth Takue mpeoOpasoBaHUs SBHO, VICIIOIb3Y AHAJIOTUIO C €BKIMIOBBIMI ABVKEHN-
M. PacCMOTPMM OHO U3 CAMBIX IIPOCTHIX ABVMKEHUI — CUMMETPUI0 OTHOCUTEIHHO ILIOCKOCTA.

[IycTh B IPOCTPAHCTBE JaHa IUIOCKOCTH (v, IEPIIEHAUKYIApHAs HEKOTOPOMY BeKTopy U. Torma
CUMMeTPHSI OTHOCUTEIBHO ILIOCKOCTI (¢ 3a1aéTcst popmyioit (mpoBepsTe!)

(z,0)'_

(v, v)

3ameHUB B 9101 GopMyJie eBKINIAOBO CKAISIPHOE MIPOM3BeNeHNe Ha CKAIIPHOE IIPOU3BeNeHIIEe
MIHKOBCKOT0, MBI ITOJIY4Y¥M IIpeoOpasoBaHue, OnpenenéHHoe st 16oro U ¢ (7,7) # 0

(Z,7)_

(v,0)

T =7—2

O : T —2T—2

CO CJIeyIOIIMMIL CBOMICTBAMMU:

(1) 05(T) = T Torma u Tonpko TOrAa, Korpa (T, v) = 0;

(2) 05(T) = —7 Torpma u TONBKO TOrAQ, KOTHa T = AT, re A € R;

(3) ckanspHOe mpomsBeneHNe MIHKOBCKOTO COXPAHSAETCS IIPU 9TOM IIPeoOpasoBaHMIL.
Ynpaxcnenue 8.41. JlokaXnuTe 3TU CBOJICTBA.

COOTBeTCTBYIOIHee IIPOEKTIBHOE Hpeo6pasoBaHI/Ie MOKHO OXAapaKTE€PpM30BATh TaK:

(1) 0,(z) = x Torma 1 TONBKO TOrAA, KOTAA 10O T 1 ¥ MOJNAPHBI OTHOCUTEIBHO S, INO0 T = v;
(2) oxpyxHOCTD S IpU 3TOM IIpeoOpa3oBaHNNU IEPEXOTUT B ceOs 1 OTHOILIEHVIE ITOJISIPHOCTY
TOUEK OTHOCUTEIHHO OKPY>KHOCTY IIPU 9TOM He MEHSEeTCsL.

PaccmoTpuM Bompoc 0 TOM Kak HaiiTu 06pas 3aJaHHO TOUKY & IIPU ITOM IIpeoOpa3oBaHMM

Ynpaxcnenue 8.42. Jlokaxute, 4TO Ha OKPY>KHOCTU 3T CUMMETPHUA JAET CUMMETPUIO, ONPeesIEH-
HYIO B IIpeJbIAYIIEM pasfele.

Ynpasxcnenue 8.43. BbiBequTe U3 IpeAbIAYILIETrO yIPas)KHEHNUSI METO HAXOKIEHUS 0, () IJ1s1 10601t
z.

L[J'ISI IIPOBEPKU ITOHVIMAHMS OIIPpENEJI€HNA CMMMETPIUM ITI0JIE3HO PEIINTD CIIEAYIOIIYI0 3a0auy:
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D> 8.44. Kakue ycioBMs Hafo HAJIOKNUTb HAa TOYKU T ¥ Y, UTOOBI IIpeoOpasoBaHMUA CUMMETPUN
KOMMYTUPOBAJIN, TO €CTh BBIIIOJHAIOCH PABEHCTBO 0, O 0,y = 0y O 0.

CdopmynupyeM cirenyIoIIyIo JeMMY, KOTopas ObIBaeT BeCbMa IT0JIe3Ha IIPY pellleHNN 3a7a, B
(bopMyIIMpPOBKE KOTOPBIX IPUCYTCTBYIOT OJJHA OKPY>KHOCTh I HEKOTOPOE KOJIMTUECTBO IIPSIMBIX:

JIemma 8.45. JIio6y0 mouky 6HYympu OKPYICHOCIMU S MONHO nepegecnu HeKOmopvlmM npeobpa3oeanu-
em 0, 6 yeHmp okpyscHocmu S. JI6yo npamyro, He nepecekaouyyi OKPYIHHOCMb S, MOHHO nepegecmu
6 6eCKOHeUHO YOATEHHYI0 NPAMYIO.

> 8.46. [loka)KuTe 3Ty JIEMMY.

W3noxeHHbIEe BRIIIIE CBEOEHNA O CMMMETPUAX OTHOCUTEIBHO ITJIOCKOCTU M3 T'PYIIIIBL HopeHua
IIO3BOJIAIOT ITPAKTMMUECKN MTHOBEHHO PEIINTH CJIEAYIOIYIO CTAHOAPTHYIO 3a1avy:

> 8.47. Ilycte Ha OKpY)XKHOCTM S HAHBI 4 pa3IMUYHBIX TOUKHU a, b, ¢ u d. Onpemennm TOUKM
IepecevueHNs OpIMbIX ¢ = acNbd, y = abNcd, z = ad N bc. Torpma Bce Tpy TOUKM X, Y, 2 TTOISIPHBI
OPYT APYTY OTHOCUTEIBHO OKPY>KHOCTIL.

Bort emié onHa mpocrad 3agaua:

> 8.48. IlycTs TOUkM a, b, c mOIapHO MOJIIPHBI OTHOCUTEIBHO OKPY)KHOCTM S U He Jie)KaT Ha Hell.
Torpma mmeeT MeCTO TOXAECTBO 0, O 0y = 0.

JI71s1 moKa3aTesIbCTBA 3TOTO TOXKAECTBA JOCTATOUHO PACCMOTPETh AEVICTBME YKa3aHHBIX IIpeod-
Pa30BaHUIT Ha BEKTOPAaX OQHOPOMLHOTO IIPOCTPAHCTBA, COOTBETCTBYIOIINX TOYKAM a, b, c. VI3 aToiI
3aJa4y JIETKO CJIeyeT «TeopeMa 0 6abouke»:

> 8.49. Touka o mennt momonam xopay ab okpyxHoctu S. Uepes o mpoBeeHbI TaK)Xe XOPIbI cd
u ef oxpyxxkHoctu S. Onpenenum touku v = ab N ce m y = ab N df, mpeaoNnoXuM 4TO OHM He
OecKOHEUHO ymaléHHble. [JOKaKUTe, UTO OTPE3KY O U OY UMEIOT PaBHbIE [IJIMHBL

JIemma 8.50. Ecnu mpu éexmopa T, Y, Z KOMNIIGHAPHDL, MO KOMNO3UYUL NPeobpa3o6aHuii oz 0 0y 0 0z
— amo npeobpasosanue 07 0Jis1 HEKOMOPO2O 6eKMopa t, KOMNIAHAPHO0 T, T, Z.

> 8.51. [loKaKnTe 3Ty JeMMY, MCIIOIb3Ysl TOT (aKT, UTO BCe TPU IpeoOpa3oBaHMUA COXPAHSIOT
NpAMYIO TYZ.

Tak kak mis 100071 CUMMETPUN 0f O 03 SIBJISIETCS TOXKAECTBEHHBIM IIpeoOpa3oBaHMEM, TO Kak
CJIEJICTBYME M3 3TON JIEMMbBI MBI IIOJIy4aeM, YTO Oz O Oy O Oz O Oz O Oy O Oz — TOXKIAECTBEHHOE
npeoOpa3oBaHme. ITO IOMOTaeT J0Ka3aTh TAKOE yTBEP)KAeHIe:

>> 8.52. IlycTh TOUKM T, y, 2 JIe)KaT Ha OJHOI IPSIMOI UM He Jexar Ha okpyxHoctu S. Ilycts
pasHble TOUKN a, b, ¢, d, e, f mexxaT Ha OKPYKHOCTM S U IIPU 9TOM CJIEAYIOIIME TPOIIKU TOUEK
KoJutmHeapHsr: (x,a,b), (y,b,¢), (z,¢,d), (x,d,e) u (y,e, f). [okakure, 4T0 TOUKM Z, f, 4 TOXKe
KOJUIVIHEAPHBIL.

D> 8.53. BeiBemmTe u3 npeapiayieit 3agaunu reopemy Ilackamns.

> 8.54 (O6o6miénHas Teopema o 6abouke). Ilycte 0 — cepeguua xopabl ab okpyxHocTu S. B
OKpYy>kHOCTHM S IIPOBeeHbI TaKKe XOpabl cd u e f, mpuuém paccTosHus oT Touek abNed mabNef
IO 0 paBHBI. [JoKa)XuTe, YTO pacCTOsTHMA OT 0 10 ab N cf m ab N de Takxe paBHBI.

Bor CH_Ié HECKOJIbKO 3a1a4 OJId CaMOCTOATEJIbHOI'O PEIIICHIIA:

D> 8.55. JlaHa OKpy>KHOCTb S M TOUKM @ ¥ b BHe e€. Bo3pbMEéM Ha OKpPYKHOCTU TOUKY &, ITyCTh
IpsiMble aZ U bx IepeceKarT OKPY>KHOCTh TaKKe B TOUKaX da, 1 b,, He cuntas Touku . [Toctpouts
LIPKYJIEM U JIMHEVIKOJ TOUKY & TaK, YTOObI IpsiMas a,b, Oblia mapamiensHa ab.
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> 8.56. [laHa okpyxHOCTB S, TOUkM a u b BHe e€ u npsamas {. Bo3pMéM Ha OKPY>KHOCTU TOUKY
Z, MyCThb NpsAMBIe ar U br IepeceKaroT OKPY>KHOCTh TAKKe B TOUKAX (y U b, He cUuTas TOUKN .
[TocTpoiiTe NMPKYJIEeM U JIMHEIKOI TOUKY = TaK, YTOObI IpsiMasd a,b, Opuia mapasniensHa (.

D> 8.57. lokaxure, 4TO JI000Oe IIPOEKTIBHOE IpeodpasoBaHle, OCTABIAIONIee HA MeCTe OKPYXK-
HOCTb, IBJIF€TCS KOMIIO3MIMEN CMMMEeTPMUIL.

D> 8.58. [lokaxure, uTo J00asi KOMITO3ULUSA CUMMETPUII MOXKET OBITh IIpefCTaBleHa B BUJE
KOMIIO3ULINY He 6osiee TPEX CUMMETPUIL.

> 8.59. IlycTh BHe OKPY>KHOCTU S TaHBI padHble TOUKIU T, Y, 2, T, i, 2/, IpM 9TOM TOUKA X MOJIIPHA
y' 2,y nonspua ' u 2/, z monsapHa iy’ u 2’ oTHOCUTENBHO OKpYKHOCTH S. [IOKa)KUTE, UTO IPSIMBbIE
x'x, y'y, 2’2 nepecekarorcst B OTHON TOUKE.
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