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(1) Äîêàæèòå íåðàâåíñòâî∫ b
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2 ≥ e−a

2 − e−b
2

.

(2) Íàéäèòå ñóììó ðÿäà:
∞∑
k=1
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(4k − 3)(4k − 2)(4k − 1)(4k)
=

1

1 · 2 · 3 · 4
+

1

5 · 6 · 7 · 8
+ . . . .

(3) Ïóñòü ïîñëåäîâàòåëüíîñòü {xn} îïðåäåëåíà ðåêóððåíòíî:

x1 =
√
5, xn+1 = x2

n − 2.

Íàéòè
lim
n→∞

x1x2 . . . xn

xn+1

.

(4) Ïóñòü a, b, n ≥ 2 � öåëûå ÷èñëà. Äîêàæèòå, ÷òî íàéä¼òñÿ áåñêîíå÷íî ìíîãî
öåëûõ ÷èñåë, íå ïðåäñòàâèìûõ â âèäå {axn + byn} äëÿ x, y ∈ Z.

(5) Ïóñòü a, b, c ∈ (−1, 1) � âåùåñòâåííûå ÷èñëà è

1 + 2abc ≥ a2 + b2 + c2.

Äîêàæèòå, ÷òî äëÿ ëþáîãî íàòóðàëüíîãî n

1 + 2anbncn ≥ a2n + b2n + c2n.
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2. IMC 2010. Äåíü 2

(1) Âåðíî ëè, ÷òî äëÿ ëþáîãî âåùåñòâåííîãî x1 ïîñëåäîâàòåëüíîñòü {xn}, çàäàííàÿ
ðåêóððåíòíî xn+1 = f(xn) ñõîäèòñÿ, åñëè
à) f(x) = x cosx;
á) f(x) = x sinx.

(2) Ïóñòü a0, . . . , an � ïîëîæèòåëüíûå âåùåñòâåííûå ÷èñëà è äëÿ ëþáîãî k =
1, . . . , n âûïîëíÿåòñÿ íåðàâåíñòâî ak ≥ ak−1 + 1. Äîêàæèòå, ÷òî

1 +
1

a0

(
1 +

1

a1 − a0

)
. . .

(
1 +

1

an − a0

)
≤
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1 +

1
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)(
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1

a1

)
. . .

(
1 +

1

an

)
.

(3) Ïóñòü êîíå÷íàÿ ãðóïïà G äåéñòâóåò íà êîíå÷íîì ìíîæåñòâå X òàê, ÷òî âñÿêèé
íååäèíè÷íûé ýëåìåíò g ∈ G èìååò íà X ðîâíî îäíó íåïîäâèæíóþ òî÷êó (gx =
x). Äîêàæèòå, ÷òî íåêîòîðûé ýëåìåíò x ∈ X ÿâëÿåòñÿ íåïîäâèæíîé òî÷êîé
âñåõ g ∈ G.

(4) Â ñèììåòðè÷íîé ìàòðèöå A âñå äèàãîíàëüíûå ýëåìåíòû � ÷¼òíûå öåëûå ÷èñëà.
Äîêàæèòå, ÷òî äëÿ âñåõ íàòóðàëüíûõ n â ìàòðèöå An íå íàéä¼òñÿ ñòîëáöà èç
îäíèõ íå÷¼òíûõ ÷èñåë.

(5) Ôóíêöèÿ f : R → R äëÿ ëþáîãî ïðîñòîãî p è âåùåñòâåííîãî x óäîâëåòâîðÿåò
ñîîòíîøåíèþ

p−1∑
i=0

f

(
x+

i

p

)
= 0.

Äîêàæèòå, ÷òî åñëè f(x) îáðàùàåòñÿ â íóëü íà íåêîòîðîì îòêðûòîì ìíîæåñòâå,
òî îíà òîæäåñòâåííî ðàâíà íóëþ.


